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.zipeqkl` P−1MP = Dy jk P zniiw xnelk ,oeqkll zpzip M gippxi
bp
−→y = P · −→z
−→z = P−1−→y d`eeynd

−→y ′

= M−→y +−→g (x)

P−→z ′

= MP−→z +−→g (x)

P−1P−→z = P−1MP−→z + P−1−→g (x)
−→z = D−→z + P−1−→g (x) dnbe
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=
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∣
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∣

∣

∣
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√
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:miinvr mixehwe `vnp
(

1−
√
2 1

1 −1−
√
2

)(

a

b

)

=

(

0
0

) lawp λ1 =
√
2 xear okl

v1 =

(

1√
2− 1

) :λ2 = −
√
2 xear `vnp

(

1 +
√
2 1

1 −1 +
√
2

)(

a

b

)

=

(

0
0

) `ed invrd xehwed λ2 xear f`
v2 =

(

1

−1−
√
2

) f`
P =

(

1 1√
2− 1 −1−

√
2

)

D = P−1MP =

(√
2 0

0 −
√
2

) :(lirbn `vei df ik) onqp
P−1 =

(

a b

c d

) :lawp f`e
ż1 =

√
2z1 + aet + be−t

ż2 = −
√
2z2 + cet + de−t.dnvr ipta d`eeyn lk ,xeztl dyw `l df z`edty zeira(iyew) zizlgzd dira:dnbe
l

y
′′

+ y = 0

y (0) = 1

y
′

(0) = −1 lawpe xeztp
y (x) = c1 cosx+ c2 sinx lawp mi`pzdn

c1 = 1

c2 = −1 
igie 
g` oexzt eplaiwe
y (x) = cosx− sinx
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dty zira
y

′′

+ y = 0

y (0) = 1

y
(π

2

)

= −1.('wp dze`a zxfbpde divwpetd lr mi`pz `l ,ze
ewp izya divwpetd lr mi`pz epl yi):dpzyd `l illkd oexztd
y (x) = c1 cosx+ c2 sinx:oexztd eze` z` dyrnl lawpe dtyd i`pz z` aivp
y (x) = cosx− sinx :dtyfd i`pz z` dpyp m`

y (0) = 1

y (π) = 1 f`
y (0) = 1 ⇒ c1 = 1

y (π) = 1 ⇒ c1 = −1 .oexzt oi` okl:aey dtyd i`pz z` dpyp
y (0) = 1

y (π) = −1 :f`
y (0) = 1 ⇒ c1 = 1

y (π) = −1 ⇒ c1 = 1 `ed oexztd okle
∀c ∈ R y (x) = cosx+ c · sinxzeira znerl ,
igi gxkda `l `ed yi m`e ,oexzt yi gxkda `l dty zeiral ,mi`ex epgp`y enk okl.iyewzeivwpet ly zinipt dltkn iagxn:d`ad dxeva ((a, b) rhwa) 'wpet oia zinipt dltkn xi
bp

〈f, g〉 =
ˆ b

a

f (x) ḡ (x) dx miiwzne
〈f, f〉 ≥ 0

〈f, f〉 = 0 ⇐⇒ f ≡ 0
a.e

(almost everywhere).('wp ly dipn oa xtqnl ile` hxt dpeekd a.e)`id dnxepd
‖f‖ =

√

〈f, f〉:n 6= m lkl m` zilpebezxe` z`xwp {fn (x)}∞n=0
'wpetd zx
q

〈fn (x) , fm (x)〉 = 0miiwzn n lkl oke zilpebezxe` `id m` zilnxepezxe` `xwz dx
qd
〈fn (x) , fn (x)〉 = 1
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liaeil mxehy ziira:x"
nd
−
(

P (x) y
′

)
′

+Q (x) y = f (x).liaeil mxehy z`eeyn `xwp x"
nd ,rhwa P (x) > 0 oke (a, b) rhwa zexifbe zetivx P, Q m`:zxg` dxeva d`eeynd z` meyxl ozip
−P ′

(x) y
′ − P (x) y

′′

+Q (x) y = f (x) dnbe
:x
p'bl z`eeyn
(

1− x2
)

y
′′ − 2xy

′

+ 6y = 0 .(−1, 1) rhwadirad ly zepekz:oey`xd wlga opeazp
− d

dx

(

P (x) y
′

) :´ b
a
y lirtp

−
ˆ b

a

y · d
dx

(

P (x) y
′

)

dx = −yP (x) y
′ |ba +

ˆ b

a

(

d

dx
y

)

P (x) y
′

dx

= −yP (x) y
′ |ba +

ˆ

P (x)
(

y
′

)2

dx :dty i`pz rawp
y (a) = y (b) = 0 e`
y

′

(a) = y
′

(b) = 0 :lawp f`
ˆ b

a

P (x)
(

y
′

)2

dx > 0 xehxte`d okl
− d

dx

(

P
d

dx

) .iaeig xehxte` `eddxrdx"
nd ozpida
R (x) y

′′

+ S (x) y
′

+ T (x) y = f (x)
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:divxbhpi` mxeba ltk i"r liaeil mxehy ly dxevl eze` jetdl ozip
µ (x)R (x) y

′′

+ µ (x)S (x) y
′

+ µ (x) T (x) y = µ (x) f (x)

[µ (x)R (x)]
′

= µ (x)S (x)

µ
′

(x)R (x) + µ (x)R
′

(x) = µ (x)S (x)

µ
′

(x)

µ (x)
=

S (x)−R
′

(x)

R (x)

µ = c · e
´

S(x)−R
′

(x)
R(x)

dx f`e
(

µ (x)R (x) y
′

)
′

+ µ (x) T (x) = µ (x) f (x) miix`pil mixehxte`:jk mixehwea zinipt dltkn zix`pila epx
bdy enk
〈u, v〉 = −→u · −→v =

∑

i

viūi :ix`pil xehxte`e
A−→v = −→u :zeivwpet xear f`

〈f, g〉 =
ˆ b

a

f (x) ḡ (x) dx xnelk ,L ix`pil xehxte`e
L (λf (x) + µg (x)) = λL (f (x)) + µL (g (x))mix`pil mixehxte`l ze`nbe
.1

Lf (x) = P (x) f (x) .2
Lf (x) =

d

dx
f (x) .3

Lf (x) =

ˆ b

a

P (x, t) f (t) dtoial dfd xehxte`d oia oein
l al miyp
(Av)i =

n
∑

j=1

Aijvj = ui

5



oihelgl iaeig xehxte`m` oihelgl iaeig `xwp mixehwe lr xehxte`
∀−→v −→v tA−→v > 0m` oihelgl iaeig `xwp zeivwpet lr xehxte`

∀f (x)
ˆ

f (x)Lf (x) dx > 0 xnelk
〈f, Lf〉 > 0 r"r z`eeyn
A−→v = λ−→v dnbe

−y′′

= λy mr ,liaeil mxehy ziira ef
P (x) = 1.λ > 0y mitvn ep` okl iaeig `ed liaeil mxehy xehxte`:liaeil-mxehy dty i`pz siqep
y (0) = 0

y (π) = 0 :λ > 0 xear f`
y = c1 cos

√
λx+ c2 sin

√
λx :λ < 0 xear

y = c1e
√
−λx + c2e

−
√
−λx :λ = 0 xear

y = c1 + c2xlawp ,λ = 0 xear dligz .dtyd i`pz z` aivp
y ≡ 0.0 `ed invrd xehwedy `vei ik epze` oiiprn `l dfe:λ < 0 xear

y = c1e
√
−λx + c2e

−
√
−λx

c1 = −c2
c1 = 0 epl `vei f`

y ≡ 0
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.0 `ed invrd xehwed ik lqtp df ,aeye:λ > 0 xear
y = c1 cos

(√
λx

)

+ c2 sin
(√

λx
)

y (0) = 0 ⇒ c1 = 0

y (π) = 0 ⇒ c2 sin
(√

λπ
)

= 0 f`e
c2 = 0 or

√
λ ∈ Z .y ≡ 0 milawn f` ik lqtp c2 = 0e:md y (0) = y (π) = 0 dtyd i`pz mr − d2

dx2 xehxte`d ly r"rd ,okl
√
λ ∈ N xnelk
λ = n2 .n ∈ N xearmd ely miinvrd mixehwed

y = sin (nx) .λ = n2 xy`kmixehwe agxna zix`pil d`eeyn oexzt
Ax = b

A−1Ax = A−1b

x = A−1b

Dirac delta function w`xi
 ly `zl
d ziivwpet
δ (x) =

{

0 x 6= 0

∞ x = 0 :0a sivx f (x) lkle
ˆ ∞

−∞

δ (x) f (x) dx = f (0).(generalised function theory - zllken divwpet `xwp df ,divwpet wei
a `l ef):d`eeyna opeazp ,L xehxte` xear
L (g (x, x0)) = δ (x− x0).(Green’s function) oixb 'wpet z`xwp ,d`eeynd ly oexztd ,g (x, x0) xy`kx"
nd xear

Ly = f (x) aivp
y =

ˆ

g (x, x0) f (x0) dx0
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:if`
Ly = L

ˆ

g (x, x0) f (x0) dx0

=

ˆ

Lg (x, x0) f (x0) dx0

=

ˆ

δ (x− x0) f (x0) dx0

= f (x):Ly = f (x) ze`eeyna δ (x− x0) oial mixehwea zeix`pil ze`eeyna I oia dibelp` epl yiy al miyp
Ly = f

y = Gf :oixb xehxte` G xy`k
Gf :=

ˆ

g (x, x0) f (x0) dx0 dnbe

Lu = u

′′

+ u

u (0) = 0

u
(π

2

)

= 0 :oixb 'wpet z` `vnp
g

′′

+ g = δ (x− x0)
ˆ x0+ǫ

x0−ǫ

g
′′

+ gdx =

ˆ x0+ǫ

x0−ǫ

δ (x− x0) = 1

g
′ |x0+ǫ
x0−ǫ + 0 = 1

g
′

(x0 + ǫ)− g
′

(x0 − ǫ) = 1 :x < x0 xear
y

′′

+ y = 0

y = c1 cosx+ c2 sinx

y (0) = 0

yI = c2 sinx :x > x0 xear
y

′′

+ y = 0

y = c3 cosx+ c4 sinx

y
(π

2

)

= 0

c4 = 0

yII = c3 cosx :miiwziy miyxe
 ep`
yI (x0) = yII (x0)

1 + y
′

I (x0) = y
′

II (x0)
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:xnelk
c2 sinx0 = c3 cosx0

1 + c2 cosx0 = −c3 sinx0 :xeztp
1 + c2 cosx0 = −c2 sinx0

cosx0
sinx0

cosx0 + c2 cos
2 x0 = −c2 sin2 x0
c2 = − cosx0

c3 = − sinx0 :if`
g (x, x0) =

{

− cosx0 sinx x < x0

− sinx0 cosx x > x0 oixb 'wpeta yeniyx"
n lawp m`
u

′′

+ u = x
(π

2
− x

) :f`
u =

ˆ
π

2

0

g (x, x0) f (x0) dx0

=

ˆ
π

2

0

g (x, x0) · x0
(π

2
− x0

)

dx0

=

ˆ x

0

(− sinx0 cosx) · x0
(π

2
− x0

)

dx0

=

ˆ π

2

x

(− cosx0 sinx) x0

(π

2
− x0

)

dx0 dxrd:miiwzne Lψn = λnψn 'wpetd agxnl qiqa deedn xehxte` ly r"ed sqe` m`
δ (x− x0) =

∞
∑

n=0

ψn (x)ψn (x0) :if`
g (x, x0) =

∞
∑

n=0

ψn (x)ψn (x0)

λnoganl `l - g"
n did dgkedd jynd
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