
(Revisited)mincwnd ziiv`ixe 4.1

zix`pil dxabl`n xnxw llk z` dligz `iap

(Cramer's rule)xnxw htyn

`ed be (n× n)zireaix dvixhn `id A xy`k ,A~x = ~b ze`eeynd zkxrna opeazp
.(n× 1) dcenr xehwe

cigi oexzt miiw m` .detA 6= 0 m` wxe m` cigi oexzt miiw zkxrnl ,recik
i"r ea aikx lk `evnl ozip

xi =
det (Ai)

det (A)
=

|Ai|
|A|

xehweea A dvixhnay id dcenrd ztlgd i"r zlawznd dvixhnd `id Ai xy`k
.b

Ai =

a11 · · · a1,i−1 b1 a1,i+1 · · · a1,n
.
.
.

. . .
.
.
.

.

.

.
.
.
.

. . .
.
.
.

an1 · · · an,i−1 bn an,i+1 · · · an,n



dxrd

.miieqn aikx `evnl ick zkxrnd lk z` xeztl miaiig `l ef dhiya

dnbec 4x− y + z = −5
2x+ 2y + 3z = 10
5x− 2y + 6z = 1

:xnxw llk zxfra d`ad zkxrnd z` xezt

oexzt

z` aygp .

4 −1 1
2 2 3
5 −2 6

x
y
z

 =

−5
10
1

 :zipeivixhn dxeva zkxrnd z` aezkp

:zehppinxhcd

|A| =

∣∣∣∣∣∣
4 −1 1
2 2 3
5 −2 6

∣∣∣∣∣∣ = 4 (18)− (−1) (−3) + 1 (−14) = 55

|A1| =

∣∣∣∣∣∣
−5 −1 1
10 2 3
1 −2 6

∣∣∣∣∣∣ = ... = −55
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|A2| =

∣∣∣∣∣∣
4 −5 1
2 10 3
5 1 6

∣∣∣∣∣∣ = 165

|A3| =

∣∣∣∣∣∣
4 −1 −5
2 2 10
5 −2 1

∣∣∣∣∣∣ = 110

x =
|A1|
|A|

= −1, y =
165

55
= 3, z =

110

55
= 2

. ~x =

−1
3
2

 `ed zkxrnd oexzt mekiqle

x"cnl dxfg xefgp

.y(n) +
n−1∑
k=0

ak (x) y
(k) = b (x) x"cnl dxfg xefgp

dxeywd zipbenedd ze`eeynd ly y1, ...yn l"za zepexzt n epl mipezp m`y epi`x

y = `ed zipbened i`d x"cnd ly illkd oexztd if` y(n) +
n−1∑
k=0

ak (x) y
(k) = 0

:miniiwn C1, ...Cn xy`k C1 (x) y1 (x) + ...+ Cn (x) yn (x) y1 · · · yn
.
.
.

. . .
.
.
.

y
(n−1)
1 · · · y

(n−1)
n


C1

.

.

.

Cn

 =


0
.
.
.

0
b (x)


1 ≤ i ≤ n lkly wiqdle xnxw llk z` o`k lirtdl lkep

C ′
i (x) =

∣∣∣∣∣∣∣
y1 · · · yi−1 0 yi+1 · · · yn
.
.
.

. . .
.
.
.

.

.

.
.
.
.

. . .
.
.
.

y
(n−1)
1 · · · y

(n−1)
i−1 b (x) y

(n−1)
i+1 · · · y

(n−1)
n

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
y1 · · · yn
.
.
.

. . .
.
.
.

y
(n−1)
1 · · · y

(n−1)
n

∣∣∣∣∣∣∣
=

Wi (x)

W (x)

.Wi i"r onql bedp dpend z`e ,o`iwqpexeed oaenk `ed dpknd

illkd oexztd z` epipa .Ci (x) =
´ x Wi (x)

W (x)
dx + Ki lawp lxbhpi` `ivep m`

:x"cnd ly

y (x) =

n∑
i=1

yi (x)

(ˆ x Wi (x)

W (x)
dx+Ki

)

2



.dl`yd ikxvl m`zda mixgen milxbhpi`a oezgzd leabd z`
:miixbeq geztl mb ozip

y (x) =

n∑
i=1

yi (x)

ˆ x Wi (x)

W (x)
dx+

n∑
i=1

yi (x)Ki

dxeywd zipbenedd d`eeynl oexztd yc − yh -
∑n

i=1 yi (x)
´ x Wi (x)

W (x)
dx

.zipbened i`d d`eeynl ihxt oexzt -
∑n

i=1 yi (x)Ki

dxrd

!oekp epi` "oexzt"d zxg` (an (x) = 1)zilnxep dxeva didz x"cndy ce`n aeyg

milibxz
xezt .dxeywd zipbenedd d`eeynd ly l"za zepexzt ipy mipezp ze`ad ze`eeynl

!oze`

y′′ − 2y′ − 3y = 2 sinx, e−x, e3x .`

y′′ − 2y′ = x+ 2ex, 1, e2x .a

oexzt

W
(
e−x, e3x

)
=

∣∣∣∣ e−x e3x

−e−x 3e3x

∣∣∣∣ = 4e2x :o`iwqpexeed z` aygp .`

:W1,W2 z` aygp ok enk

W1 =

∣∣∣∣ 0 e3x

2 sinx 3e3x

∣∣∣∣ = −2e3x sinx

W2 =

∣∣∣∣ e−x 0
−e−x 2 sinx

∣∣∣∣ = 2e−x sinx

⇒
W1

W
=

− 3e3x sinx

4e2x
= −

1

2
e3x−2x sinx = −

1

2
ex sinx

:C1 =
´ W1

W
dx lxbhpi`d z` aygp

C1 =

ˆ − 1

2
ex sinxdx = −

1

2
ex sinx−

ˆ
−
1

2
ex cos dx =

 u = sinx v = −
1

2
ex

u′ = cosx v′ = −
1

2
ex

uv−
ˆ

u′vdx

= −
1

2
ex sinx+

ˆ
1

2
ex cosxdx =

 u = cosx v =
1

2
ex

u′ = − sinx v =
1

2
ex

 = ...
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C1 =
ex

4
(cosx− sinx) +K1

`ed illkd oexztd .C2 = −
1

20
e−3x (cosx+ 3 sinx) +K2 dnec ote`a

y = e−x

(
ex

4
(cosx− sinx) +K1

)
+e3x

(
−
e−3x

20
(cosx+ 3 sinx) +K2

)

= ... = K1e
−x +K2e

3x +
cosx− 2 sinx

5

W
(
1, e2x

)
=

∣∣∣∣1 e2x

0 2e2x

∣∣∣∣ = 2e2x o`iwqpexeed z` aygp .a

W1 =

∣∣∣∣ 0 e2x

x+ 2ex 2e2x

∣∣∣∣ = −xe2x − 2e3x

W2 =

∣∣∣∣1 0
0 x+ 2ex

∣∣∣∣ = x+ 2ex

C1 =

ˆ
W1

W
dx = ... =

− x2

4
− ex +K1

C2 =

ˆ
W2

W
= ... =

− e2x

4
(x+ 1)− e−x +K2

:`ed oexztd

y = K1 − 1 +K2e
2x −

x2

4
− 2ex −

x

4

libxz
ly zepexzt y2 = ln |x|e y1 = 1y jka xfrd .x3y′′ + xy′ = x3 x"cnd z` xezt

.dxeywd zipbenedd x"cnd

oexzt

:o`iwqpexeed z` aygp .y′′ +
1

x
y′ = x zilnxep dxevl d`eeynd z` `iap

W =

∣∣∣∣∣∣
1 ln |x|

0
1

x

∣∣∣∣∣∣ = 1

x
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W1 =

∣∣∣∣∣∣
0 ln (x)

x
1

x

∣∣∣∣∣∣ = −x ln |x|

W2 =

∣∣∣∣1 0
0 x

∣∣∣∣ = x

ˆ
W1

W
dx =

ˆ − x ln |x|
1/x

dx =

ˆ
−x2 ln |x| dx =

− x3

3
ln |x| −

ˆ
1

x

(
− x3

3

)
dx

=
− x3

3
ln |x|+

x3

9

ˆ
W2

W
dx =

ˆ
x2dx =

x3

3

`ed illkd oexztd

y = 1

(
−
x3

3
ln |x|+

x3

9
+K1

)
+ ln |x|

(
x3

3
+K2

)
= K1 +K2 ln |x|+

x3

9

oixb ziivwpet 4.2

dxidn dxfg y′′ + a1 (x) y
′ + a0 (x) y = b (x)

y (x0) = 0
y′ (x0) = 0

:(dlgzd i`pz + x"cn)iyew ziira epl dpezpy gipp

`ed oexztd ,dxeywd zipbenedd d`eeynl y1, y2 l"za zepexzt ipye

y (x) =

ˆ x

x0

y1 (t) y2 (x)− y1 (x) y2 (t)

y1 (t) y′2 (t)− y2 (t) y′1 (t)
b (t) dt

oixb ziivwpet G (x, y) =
y1 (t) y2 (x)− y1 (x) y2 (t)

y1 (t) y′2 (t)− y2 (t) y′1 (t)
e

(2 dl`y ,`"ryz 'a cren)ogann dl`y

y′′ − 2y′ + y =
ex

x
d`eeynd ly illkd oexztd z` `vn (`)

y′′ − 2y′ + y = L (x) ,y (0) = y′ (0) = 0 dirad oexztl dgqep `vn (a)

dgqepa yeniy i"r (`) sirqa d`eeynd ly ihxt oexzt `evnl ozip m`d (b)
.a sirqn
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oexzt

"ze`xl xyt`" .y′′ − 2y′ + y = 0 dxeywd zipbenedd d`eeyna opeazp (`)
oexztd z` `vnp .(jynda eze` `evnl cvik d`xp)dly oexzt y1 = exy

.

 y = exz
y′ = exz′ + exz

y′′ = exz′′ + 2exz′ + exz
aivp .xcq zcxed zxfra d`eeynd ly illkd

milawn

exz′′ + 2exz′ + exz − 2exz′ − 2ek + exz =
ex

x

exz′′ =
ex

x

z′′ =
1

x

z′ = ln |x|+ C1

z = x ln |x| − x+ C1x+ C2

⇒ y = ex − z = xex ln |x| − xex + C1xe
x + C2e

x

zipbenendd x"cnd xear zepexzt

{
y1 = ex

y2 = xex
y ze`xl ozip mcewd sirqdn (a)

`ed o`iwqpexeed dxeywd

W (y1, y2) = ... = e2x ( 6= 0)

:`id dirad ly oixb ziivwpet

G (x, t) =
y1 (t) y2 (x)− y1 (x) y2 (t)

W (t)
=

etxex − extet

e2t
⇒ G (x, t) = ex−t (x− t)

y =

ˆ x

0

(x− t) ex−tf (t) dt

:ixyt` df m`d wecap (b)

y =

ˆ x

0

ex−t (x− t)
et

t
dt =

ˆ x

0

ex (x− t)

t
dt

!`l `id daeyzd okl ,xcazn df
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