
.X0 = (x0, y0, z0) ,X = (x, y, z)
.n = (a, b, c) - (xeyinl avipd edylk xehwe)n

n 6= 0 n · (X −X0) = 0 ⇐nl avip okle ,xeyina `vnp X −X0

.xeyinl liawn okle - nl avip xehwe X −X0

M = {X|n · (X −X0) = 0} = {(x, y, z)|a (x− x0) + b (y − y0) + c (z − z0) = 0}

ghynl wiyn xeyinl d`eeyn

(dgpd)C1 g"nn f .(s, y)∈D → f (s, t) ∈ M ⊂ R3 divfixhnxt mr ghyn M
lr `l `"f ,(dgpd)l"za fs|p0 , ft|p0 .p0 'wpa Ml miwiyn mixehwe :fs|p0 , ft|p0

.cg` xyi
.(n 6= 0)n = fs × ft|p0 gwip(

X − p0
)
= 0 `id p0 'wpa M − δ wiynd xeyind z`eeyn

fs × ft|p0 · (x− x0, y − y0, z − z0) = 0

zyxetn d`eeyn i"r oezpd ghyn
(C1 g"nn) z = ϕ (x, y) ,(x, y) ∈ D

dnbec

.0 fkxne R qeicx mr oeilrd xeckd ivg

z =
√
R2 − x2 − y2

D :
{
(x, y)

∣∣x2 + y2 = R2
}

divfixhnxt i"r oezpd ghyn ly ihxt dxwn

f : (x, y)
∈D → (x, y, ϕ (x, y)) ∈ M ⊂ R3 divwpetd .(x, y) md o`k mixhnxtd

fx = (1, 0, ϕx)

fy = (0, 1, ϕy)

n = fx × fy =

∣∣∣∣∣∣
i j k
1 0 ϕx

0 1 ϕy

∣∣∣∣∣∣ = −ϕxi− ϕyj + k

1



p0 = (x0, y0, ϕ (x0, y0))

−ϕx

(
p0
)
(x− x0)− ϕy

(
p0
)
(y − y0) + (z − z0) = 0

z − z0 = ϕx

(
p0
)
(x− x0) + ϕy

(
p0
)
(y − y0)

d`eeyn i"r oezpd ghyn
F (x, y, z) = 0 d`eeyn i"r ghyn zzl `id (xzei zillk)ziyily jxc

M = {(x, y, z)|F (x, y, z) = 0}

itl .(∇F |p0 6= 0 gipdl witqn :xzei zillk)Fz|p0 6= 0 ,C1 'gnn `id F gipp

F (x, y, z) = 0 d`eeynd day p0 ly D daiaq zniiw ,zenezqd zeivwpetd htyn
.z = ϕ (x, y) d`eeynl dlewy

ϕx|p0 = −
Fx (x0, y0, ϕ (x0, y0))

Fz (x0, y0, ϕ (x0, y0))
, ϕy|p0 = −

Fy (x0, y0, ϕ (x0, y0))

Fz (x0, y0, ϕ (x0, y0))

i"r oezp p0 'wpa Ml wiynd xeyind ,mcewd dxwnd itl

−ϕx

(
p0
)
(x− x0)− ϕy

(
p0
)
(y − y0) + (z − z0) = 0

Fx (x0, y0, ϕ (x0, y0))

Fz (x0, y0, ϕ (x0, y0))
(x− x0) +

Fy (x0, y0, ϕ (x0, y0))

Fz (x0, y0, ϕ (x0, y0))
(y − y0) + (z − z0) = 0

Fx (x0, y0, ϕ (x0, y0)) (x− x0) + Fy (x0, y0, ϕ (x0, y0)) (y − y0) + Fz (x0, y0, ϕ (x0, y0)) = 0

dnbec

wiynd xeyind .x2 + y2 + z2 = 1 ixeckd ghynd lr z`vnp

(
1
√
3
,
1
√
3
,
1
√
3

)
'wpd

d`eeynd lra `ed l"pd 'wpa l"pd ghynl

2
√
3

(
x−

1
√
3

)
+

2
√
3

(
y −

1
√
3

)
+

2
√
3

(
z −

1
√
3

)
= 0(

x−
1
√
3

)
+

(
y −

1
√
3

)
+

(
z −

1
√
3

)
= 0
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(Rka)onix itl divxbhpi`
z` onqp okl .mipniqd zehytl ,R3e` R2a yexcd z` gikepe gqpp ,xicbp oldl

(x1, x2, x3 mewna)x, y, za mipzynd

lra" meqge D̄ = D ∪ ∂D "xebq megz"lrn divxbhpi`
"ghy

bixq mi`xwp j · k ∈ Z ,[(j − 1) r, jr]× [(k − 1) r, kr] mixyid .r > 0 idi
.Da milkend (r bixq reaw mr)mixebqd bixqd ireaix lk zveaw :Ar

.D z` miybetd (r bixq reaw mr)mixebqd bixqd ireaix lk zveaw Cr

r ghy lra l"pk reaix lk - Br = Ar ∪ Cr

.iteq `ed CreAr dwlgn lka mireaixd xtqn ,meqg D̄y oeeik
xtqn letk r2a ahid xcben (Br, Cr e`)Ara mireaixd cegi` ly ghyd+S (Ar)

.dni`znd dveawa mireaixd

Ar ⊂ Br

S (AR) ≤ S (Br)

dxcbd
∃ lim

r→0
S (Ar) = ∃ lim

r→0
S (Br) m` ghy lra `ed D̄y xn`p

S (Cr) = S (Br)− S (Ar)

dgked)!witqn i`pz mb df . lim
r→0

S (Cr) = 0 `ed ghy lra `ed D̄y jkl igxkd i`pz

(zhnyen

dxcbd
a, b oia md xd ikxr lky jk x qetihn megz •

c, d oia md yd ikxr lky jk y qetihn megz •

`id D̄ ly "dwelg" .dneqg f : D̄ → R idz .R2a ghy lra xebq megz D̄ idi
D̄j qetih eze`n miiwlg minegz ly iteq sqe`

T =
{
D̄j

∣∣j = 1, ...n
}
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y jk

j 6= k

 Dj ∩Dk = ∅

D̄ =
n⋃

i=1

D̄i

.pj ∈ D̄j xgap

σ (f, T ) +
n∑

j=1

f (pj)S
(
D̄j

)
igtp ly mekq" edf .(pj zecewpd zxigaa mb ielz)T dwelgde f xear "onix mekq"

"zeaiz

z = f (x, y) ≥ 0

λ (T ) + onqp .u, v ∈ K ,d (K) = sup d (u, v) xcben Rka K dveaw ly xhewd
max
K∈T

d (K)

dxcbd
D̄ lrn f ly onix ly (letkd)lxbhpi`d el `xwp lim

λ(T )→0
σ (f, T ) leabd miiw m`

epnqpe¨

D̄

f dS

e`¨

D̄

f (x, y) dxdy︸ ︷︷ ︸
+dS

xnelk
mr D̄ ly T zewelgd lkly ote`a δ > 0 miiw ,oezp ε > 0 lkly jk J xtqn miiw

J xtqnd pj ∈ D̄j zecewp ly dxiga lkl

∣∣∣∣∣ n∑
j=1

f (pj)S
(
D̄j

)
− J

∣∣∣∣∣ < ε ,λ (T ) < δ

(∗)leabd `xwpe (iciin)cigi `ed(miiw m`)l"pd

eaxc inekq itl lxbhpi`

Mj = sup
D̄j

f
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mj = inf
D̄j

f

σ (f, T ) +
n∑

j=1

MjS
(
D̄j

)
:oeilr mekq

σ (f, T ) +
n∑

j=1

mjS
(
D̄j

)
:oezgz mekq

mS
(
D̄
)
≤ σ ≤ σ ≤ σ ≤ MS

(
D̄
)

˜
f dS = inf σ :oeilr lxbhpi`˜

f dS = supσ :oezgz lxbhpi`

lxbhpi`d `xwp szeynd jxrde ,D̄ lr onix miliaxbhpi` fy xn`p ,
˜

=
˜

m`˜
D

f dS ,D̄ lrn f ly letkd
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