
6 d`vxd - 4 itpi`2011 hqebe`a 17 dxbd - mighynzetivxa dxifb dwzrd ly dpenzk xben (Rna zpkeynd ,drixi) Rna inin-k ghyn:xy`k F : Q→ R
n mipta r"gge

Q = [a1, b1]× [a2, b2]× ...× [an, bn].(zinin k daiz ly zetivxa dxifb dpenz ef)dnbe
Q = [0, 2π]× [0, π]:divwpet xibp ,θϕ xeyin jeza
F : Q → R

3

F1 (θ, ϕ) = a sinϕ cos θ

F2 (θ, ϕ) = a sinϕ sin θ

F3 (θ, ϕ) = a cos θ `id F ly dpenzd
{

(x, y, z) ∈ R
3 | x2 + y2 + z2 = a2

}.a dqeixe ziy`xa dfkxny (xekd ipt) dxitq ef
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ztqep dnbe
Q = [0, 2π]× [0, 2π]

F (θ, ϕ) = (cos θ, sin θ, cosϕ, sinϕ) :gehyd qexehd edf
S1 × S1 ⊆ R

2 × R
2inin-k ghyn ly (dlekz) ghy aeyig,(zephw zeaiz) mireaixl Q daizd z` wlgp ,inin-k ghyn ly ghy aygl ik.(h erlv) hk eghy g` lky'wpa ghynl wiynd xeyind l` l`ivpxtid zwzrd zxfra xiarp dfk reaix lk

Qia 'wpn dxard) dFqi zgz ezpenza opeazp f` Qi reaix epl yi m` xnelk ,idylk.(wiyn xeyin lr 'wpldgpda ,l"pd mireaixd lk ly zepenzd lk ly miinin kd mighyd z` mkqp m`.elek ghynd ly ghyd ly dkxrd lawp ,(h→ 0) xzeie xzei miphw mireaixdy?reaix zpenz ly ghy miaygn ji`:mixehwed i"r xvepd oeliawn `ed pi .pi = dFqi (Qi) onqp
h · ∂F

∂u1
, .., h · ∂F

∂uk.F ly mipzynd u1, ..., uk xy`k:`ed pi ly inin kd ghyd f` l"pd mixehwed od dizeenry dvixhn `id Ai m`
√

det (At
iAi)`ed l"pd ghyd okle ,ha zltkend iawri zvixhn `id l"pd Ai dvixhnd la`

hk
√

det (J t (qi) · J (qi)):jxra `ed ghynd ly inin kd ghydy lawp ef dxevn mighyd lk z` mkqp m`
V (F ) ≈

p
∑

i=1

√

det (J t (qi) · J (qi)) · V (Qi):lawp ,wiena ghyd z` xibdl dvxp m` okl
V (F ) =

¨

Q

√

det (J t (−→u ) · J (−→u ))−→du
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(dxitqd ly mipt ghy) dnbe:zeixek zeixtq zehpixew gwip
F : [0, 2π]× [0, π] → R

3

F = (a sinϕ cos θ, a sinϕ sin θ, a cos θ)ozip .z xiv mr qeixd ly zieefd `id ϕ ,xy lr lhidd ly zieefd `id θ xy`k:aygl
√

det (J t (θ, ϕ) · J (θ, ϕ)) = a2 sinϕ :okl
V (F ) =

ˆ 2π

0

ˆ π

0

a2 sinϕdϕdθ

=

ˆ 2π

0

(
ˆ π

0

sinϕdϕ

)

a2dθ = 4πa2ztqep dnbe:f` ,z"abn γ : [a, b] → R
n m`

γ (t) = (γ1 (t) , .., γn (t))

J t =
−→
γ

′

(t) =
(

γ
′

1, .., γ
′

n

)

J tJ =
(

γ
′

1

)2

+ ...+
(

γ
′

2

)2 okl
√

det (J tJ) =
√

(

γ
′

1

)n
+ ...+

(

γ
′

1

)n
=
∥

∥

∥γ
′

(t)
∥

∥

∥:ietvk ,`ed dliqnd ly jxe`d xnelk ,inin 1d ghyd okl
ˆ b

a

∥

∥

∥γ
′

(t)
∥

∥

∥ dt dnbe er.Rna edylk inin e ghyn ly ghy.u, v md mipzynd gippe ,R2a oaln Q xy`k zetivxa dxifb ϕ : Q→ R
n ik gipp

J =











∂ϕ1

∂u
∂ϕ1

∂v
∂ϕ2

∂u
∂ϕ2

∂v
...

...
∂ϕn

∂u
∂ϕn

∂v
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:okl
J tJ =

(

∂ϕ1

∂u
. . . ∂ϕn

∂u
∂ϕ1

∂v
. . . ∂ϕn

∂v

)

·











∂ϕ1

∂u
∂ϕ1

∂v
∂ϕ2

∂u
∂ϕ2

∂v
...

...
∂ϕn

∂u
∂ϕn

∂v











=





(

−→

∂ϕ
)

t

∂u
·
−→

∂ϕ
∂u

(

−→

∂ϕ
)

t

∂u
·
−→

∂ϕ
∂v

(

−→

∂ϕ
)

t

∂v
·
−→

∂ϕ
∂u

(

−→

∂ϕ
)

t

∂v
·
−→

∂ϕ
∂v





det
(

J tJ
)

=

(−→
∂ϕ t

∂u
·
−→
∂ϕ

∂u

)

·
(−→
∂ϕ t

∂v
·
−→
∂ϕ

∂v

)

−
(−→
∂ϕ t

∂u
·
−→
∂ϕ

∂v

)

·
(−→
∂ϕ t

∂v
·
−→
∂ϕ

∂u

):mipnqn
E =

(−→
∂ϕ t

∂u
·
−→
∂ϕ

∂u

)

G =

(−→
∂ϕ t

∂v
·
−→
∂ϕ

∂v

)

F =

(−→
∂ϕ t

∂u
·
−→
∂ϕ

∂v

)

·
(−→
∂ϕ t

∂v
·
−→
∂ϕ

∂u

)`ed inin e ghyn ly ghyd okl
¨

D

√
EG− Fdudv dxrdly ghyd hpnl` z` aygl ozip (df dxwna wxe) R3a `vnp 2 ninn ghynd m`.zixehwe dltkn i"r mb (ghyd lxbhpi` jezay 'wpetd) ghyndzgwl mewna ,reaix lk zpenz ly inin ed ghyd z` miaygn xy`k ,xnelklka oeeikd ixehwe ipy ly zixehwed dltknd jxe` z` zgwl lkep √det (J tJ) z`:z` xnelk ,dewp

∥

∥

∥

∥

∥

−→
∂F

∂u
×

−→
∂F

∂v

∥

∥

∥

∥

∥

=

∥

∥

∥

∥

∥

∥

∥

det







î ĵ k̂

−
−→

∂F
∂u

−
−

−→

∂F
∂v

−







∥

∥

∥

∥

∥

∥

∥ `ed ghyd okl
Area =

¨

Q

∥

∥

∥

∥

∥

−→
∂F

∂u
(u, v)×

−→
∂F

∂v
(u, v)

∥

∥

∥

∥

∥

dudv
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dnbe:ii lr oezpd (qepew) hexgd ly miptd ghy z` aygl
F (r, θ) = (r cos θ, r sin θ, r)

0 ≤ θ ≤ 2π

0 ≤ r ≤ 1 oexztz` miytgn ep`
¨

D

∥

∥

∥

∥

∥

−→
∂F

∂r
(r, θ)×

−→
∂F

∂θ
(r, θ)

∥

∥

∥

∥

∥

drdθ :xy`k
D =

{

(r, θ) | 0 ≤ r ≤ 1
0 ≤ θ ≤ 2π

} :aygp
∂F

∂r
(r, θ) = (cos θ, sin θ, 1)

∂F

∂θ
(r, θ) = (−r sin θ, r cos θ, 0) :okl

∂F

∂r
× ∂F

∂θ
= det





î ĵ k̂

cos θ sin θ 1
−r sin θ r cos θ 0





= k̂ · r − r cos θ · î+ r sin θ · ĵ
= (−r cos θ, r sin θ, r)

∥

∥

∥

∥

∂F

∂r
× ∂F

∂θ

∥

∥

∥

∥

=
√

r2 cos2 θ + r2 sin2 θ + r2

= r
√
2 :didi ghyd okl

V (S) =

ˆ 1

0

ˆ 2π

0

r
√
2dθdr −

√
2π

Differential Forms - zeil`ivpxti zeipaz(form - zipaz) dxbd.ϕ : R
n → R zix`pil divwpet `id (1-form) zipaz-1.ϕ : R

n × R
n → R ztlgzn zix`pilia divwpet `id (2-form) zipaz-2
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:zix`pilia ϕ
ϕ (−→v1 +−→v2 , −→u ) = ϕ (−→v1 , −→u ) + ϕ (−→v2 , −→u )

ϕ (−→u , −→v1 +−→v2) = ϕ (−→u , −→v1) + ϕ (−→u , −→v2)
ϕ (−→u , λ−→v ) = ϕ (λ−→u , −→v ) = λϕ (−→u , −→v ) :ztlgzn ϕ

ϕ (−→v1 , −→v2) = −ϕ (−→v2 , −→v1) ze`nbe:dhppinxh lynl `id zipaz-2 ,R2a .1
ϕ (−→v1 , −→v2) = det





| |
−→v1 −→v2
| |



 xy`k
−→v1 , −→v2 ∈ R

2:xibdl lkep f` i = (1, 2) m` ,R3a .2
ϕ (−→v1 , −→v2) = ϕ ((x1, x2, x3) , (y1, y2, y3))

=

∣

∣

∣

∣

x1 y1
x2 y2

∣

∣

∣

∣

k-form - dxbd:ztlgzn zix`pil-ihlen divwpet `id R
n lr (k-form) zipaz-k

ϕ : (Rn)
k → R.egl aikx lka zix`pil eyexit zix`pilihlen.oniq dpyn mihpnebx` 2 ly dtlgd lk eyexit ztlgzn

ϕ (−→v1 , ..., −→vi , ..., −→vj , ..., −→vn) = −ϕ (−→v1 , ..., −→vj , ..., −→vi , ..., −→vn)zix`piln zxekfzrawp m` ,zix`pil dwzrd T : R
n → R ozpida .zix`pill dwzrd `id 1-form.igi ote`a zxben didz `id qiqa ixai` lr dze`

v = lkly lawp T (ei) = ai onqp m` f` ihxphq qiqa (e1, ..., en) gwip m`:α1e1 + ...+ αnen

T (α1e1 + ...+ αnen) = α1a1 + ...+ αnan
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dxbd:dxi dlert −→v = (α1, ...., αn) ∈ R
n lkl xibp

dxi (
−→v ) = dxi (α1, ..., αn) = αi.1-form okl ,zix`pil dwzrd `ed dfk dxi lk.dx1, ..., dxn zeipazd ly zix`pil l"v `id zipaz-1 lky ,dyrnl ep`xdemiiwzn −→v ∈ R

n lkl f` R
n lr zipaz-1 `id ϕ m` xnelk

ϕ (−→v ) = a1dx1 (
−→v ) + ...+ andxn (

−→v ):d`ad dxbda ynzyp ,xzei mideab mininn ,zeipaz er lawl ikdxbd:divwpetd zeidl zxben dxI zipazd ,{1, ..., n} ly k jxe`a dler dxq-zz I idz
dxI : (Rn)

k → R

dxI (
−→v1 , ..., −→vk) = det (AI)migwel dizexeyae −→v1 , .., −→vk mixehwed od dizeenry k×k dvixhnd `id AI xy`kzexeyd z` wx
I = (i1, ..., ik) :dnbe

dx(1, 2)

















1
2
−1
1









,









3
−2
1
2

















=

∣

∣

∣

∣

1 3
2 −2

∣

∣

∣

∣

= −8

dx(1, 2, 4)

















1
2
−1
1









,









3
−2
1
2









,









0
1
2
1

















=

∣

∣

∣

∣

∣

∣

1 3 0
2 −2 1
1 2 1

∣

∣

∣

∣

∣

∣

= −7-pinxhd zepekz itl) ztlgzne zix`pilihlen `id dxI epxbdy zipazd ik ,xexa.zipaz-k `id okl ,(dhpdprhmiipyy mrt lka ϕ (v1, ..., vk) = 0 ⇐⇒ ztlgzn `id ϕ zix`pilihlen 'wpet.mieey v1, ..., vk mixehwedn (zegtl)oey`x oeeik - dgkedmieey 2 zegtl yi mixehwe ly di-ka m`y l"v .dlibxd dxbdd itl ztlgzn ϕ gipp.ϕ = 0 f`.v1 = v2y k"da gipp
ϕ (v1, v1, .., vk) = −ϕ (v1, v1, ..., vk)

ϕ (v1, .., vk) = 0

7



ipy oeeik - dgked.zqt`zn ϕ ,mieey mixehwe ipy yiy mrt lky gipp:k"da l"v
ϕ (v1, v2, ..., vk) = −ϕ (v2, v1, ..., vk) :okae

0 = ϕ (v1 − v2, v1 − v2, v3, .., vk)

= ϕ (v1, v1 − v2, v3, ..., vk)− ϕ (v2, v1 − v2, .., vk)

= ϕ (v1, v1, .., vk)− ϕ (v1, v2, .., vk)− ϕ (v2, v1, ..., vk) + ϕ (v2, v2, ..., vk)

= 0− ϕ (v1, v2, .., vk)− ϕ (v2, v1, .., vk) + 0

ϕ (v1, v2, ..., vk) = −ϕ (v2, v1, ..., vk)

dXI zeiqiqad zeipazd ly zixhne`bd zernynd:lynl gwip
dx(1, 2)









a1
a2
a3



 ,





b1
b2
b3







 =

∣

∣

∣

∣

a1 b1
a2 b2

∣

∣

∣

∣

= a1b2 − a2b1ly dlhd i"r zyxtpd ziliawnd ly oneqnd ghyd z` zaygn dx(1, 2) xnelk.xy xeyin lr −→a , −→b mixehwedillk ote`aoeliawnd ly inin kd oneqnd ghyd ly Ia aikxd `ed v1, ..., vk lr ayegnd dxI.P (v1, .., vk)dxbdagxn deedn xlwqa zipaz ltke (zeipaz) xeaig mr R
n lr zeipaz-kd lk zveaw.Ak (Rn)a df agxn mipnqn .ixehwe

k jxe`a zelerd zexqd lk lr ux I xy`k dxI dxevdn zeipazd lk 'awa opeazp.(zexfg ila) {1, .., n} ly.|B| =
(

n
k

) ik xexa .Ba l"pd dveawd z` onqphtyn,l"zae) dyixt zniiwn ,ϕ ,Rna zipaz-k lk xnelk ,Ak (Rn) ly qiqa `id B:(jynda
ϕ =

∑

I

aIdxI xy`k
aI = ϕ (ei1 , .., eik)
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dgked:onqp I = (i1, .., ik) lkl .ϕ ∈ Ak (Rn) idz
aI = ϕ (ei1 , .., eik) :xibpe
ψ =

∑

I

aIdxI .ϕ = ψ gikedl jixv.mialyl dgkedd z` wlgp1 dnl:f` {1, ..., n} jezn zeler zexq J = (j1, .., jk)e I = (i1, .., ik) eidi
dxI (ej1 , .., ejk) =

{

1 I = J

0 I 6= J dnld zgked
ej1 , .., ejk od dizeenry k × k dvixhnd ly dhppinxhd `id dxI (ej1 , .., ejk).i1, .., ik zexeyd wx zeniiw xy`k.1 `id dhppinxhd f`e I = J ⇐⇒ digid zvixhn ef.qt`zz dhppinxhde miqt` zxey dvixhna didz gxkda ,I 6= J m` ,zxg`.d`ad d`vxda d`xp dgkedd jynd z`
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