
3 lebxz - x"cn

F (x, y, y′, y′′) = 0 2 xcqn x"cn 3.1
y′ = P = dgpdd i"r F (y, y′, y′′) = 0 dxevdn x"cn xeztl cvik d`vxda epcnl

P (y)

y′′ (x) =
dP (y)

dx
=

dP (y)

dy
·
dy

dx
= P ′ (y) · P

.P (y) xear oey`x xcqn x"cn idef .F (y, P, P · P ′) = milawn f`e

ze`nbec

.1

y′′ = y′
(
1 + (y′)

2
)
:xezt

oexzt

y =⇐y′ = 0 ik)P 6= 0 gipp .PP ′ = P
(
1 + P 2

)
if` P = 0 m` .

y′ = P
y′′ = PP ′ aivp

:ea wlgpe (C

P ′ = 1 + P 2

dP

dY
= 1 + p2

dP

1 + P 2
= dy

arctan (P ) = y +K

P = tan (y +K)

xnelk

y′ = tan (y + c)

dy

tan (y + C)
= dx

cot (y + C) dy = dx
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ln |sin (y + C)| = x+K

|sin (y + C)| = ex+K = eKex

sin (y + C) = ±eKex

sin (y + C) = Aex

y + C = arccos (Aex)

y = arcsin (Aex)− C

y = arcsin (C1e
x) + C2

.C1 = 0 gwip m` dlgzda ep`vny mireawd zepexztd z` lawl ozipy al miyp

rav` llk

2 xcqn x"cna jk K e` C reaw k"ca did oey`x xcqn x"cn ly oexztay enk
mireaw n eidiy dtvp ,n xcqn "zea`" x"cna dyrnl)C1, C2 mireaw 2 k"ca eidi

.(oexzta C1, ...Cn

x"cn idef .y2 + (y′)
2
+ (y′′)

2
+ (y′′′)

2
= 0 x"cna opeazp ?"zea`" dpeekd dnl

y = y′ = xy`k `ed cigid oexztde miilily i` mireaix ly mekq edf la` ,3 xcqn

.iyteg reaw mey oi`e y (x) = 0 xnelk y′′ = y′′′ = 0

(1 `ed y(n) ly mcwnd day)n xcqn zilnxep zix`pil x"cna ,z`f znerl
C1, ...Cn miiyteg mireaw n ekeza likn ,miiw m` ,illkd oexztd

2

y · y′′ = 3− (y′)
2 xezt

oexzt

y′ = P

y′′ = PP ′

xnelk 3 − P 2 = 0 m`y al miyp ,3 − p2a wlgpy iptl .y · PP ′ = 3 − P 2 lawp
.oexzt epi` y = 0 z`f znerl .oexzt lawzn y′ = ±

√
3

:milawn

yP
dP

dy
= 3− P 2

2



:mipzyn cixtp

PdP

3− P 2
=

dy

y

−
1

3
ln
∣∣3− P 2

∣∣ = ln |y|+ C

ln
∣∣3− P 2

∣∣ = −2 ln |y|+A = ln
∣∣y−2

∣∣+A

∣∣3− P 2
∣∣ = eA+ln|y2| = eA ·

∣∣y−2
∣∣

3− P 2 = ±y−2

(y′)
2
= P 2 = 3−Ky−2 =

3y2 −K

y2

y′ = ±

√
3y2 −K

y2
= ±

√
3y2 −K

|y|
= ±

√
3y2 −K

y

dy

dx
= ±

√
3y2 −K

y

ydy√
3y2 −K

= ±dx

1

3
·
√
3y2 −K = ±x+ C

√
3y2 −K = ±3x+A

3y2 −K = qx2 ± 6A+A2

3y2 = qx2 ± 6A+A2 +K

y2 = 3x2 ± 2Ax+
A2

3
+ K̃

y2 = 3x2 + 2Bx+
B2

3
+

A2

K
= B2

 2B = C1

B2

3
+ K̃ = C2

3



y2 = 3x2 + C1x+ C2

y = ±
√

3x2 + C1x+ C2

n xcqn zix`pil x"cn 3.2
an (x) y

(n) + ...+ a1 (x) y
′ + a0 (x) y = dxevdn x"cn `id n xcqn zix`pil x"cn

.zipbened i` zxg` ,b (x) = 0 m` zipbened sqepa z`xwp `id .b (x)

(d"ln)zipbened zix`pil x"cn oexzt
l"za zepexzt n `evnl `ed zeyrl epilry lk zipbened zix`pil x"cn xeztl ick

:mdly ix`pil sexiv `ed illkd oexztd f`e y1, ...yn

y =
n∑

i=1

Ciyi

m` l"za ze`xwp y1, ...yn zeivwpet

n∑
i=1

CiyI = 0 ⇒ ∀i (Ci = 0)

ef dl`y lr dprpy iptl ?zix`pil miielz izla y1, ...yn m`d zelwa zrcl gep cvik
:dwibeln aeyg llk `iap

dprh

dlilyd `ede ''not" `xwp ¬ oeniqd)¬B ⇒ ¬A f` A ⇒ By jk zeprh Be A m`
.(dprhd ly

dgked

ze`xdl dvxpe A ⇒ B xnelk ,B dprhd zepekp z` zxxeb A dprhd zepekpy gipp
,dpekp didz Ay okzii `l ,dpekp `l B m` ,okae .dpekp `l A mb f` dpekp `l B m`y

.dpekp B mb f` dpekp A m` dgpdd itl ik

dnbec

.axer `l X⇐ xegy `l X .¬(xegy X)⇒¬(axer X) okle xegy X⇐axer Xy reci

zix`pil zelz i`/zelz zwica ly dl`yl xefgp

:o`iwqpexeed zxcbda xkfip jk jxevl
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dxcbd

edylk I ⊆ R rhwa minrt n − 1 zexifbe zexcbend y1, ...yn zeivwpet n ozpda
:zeidl xcben odly o`iwqpexeed

W (y1, ...yn) :=

∣∣∣∣∣∣∣
y1 · · · yn
.
.
.

. . .
.
.
.

y
(n−1)
1 · · · y

(n−1)
n

∣∣∣∣∣∣∣
ly divwpet `ed o`iwqpexeedy xexiaa mi`ex o`k .W (y1, ...yn) (x) `ed xg` oeniq

.x dpzynd

dnbec

W (y1, y2) (x) =

∣∣∣∣x x2

1 2x

∣∣∣∣ = 2x2 − x2 = x2 if`
y1 = x
y2 = x2 m`

?o`iwqpexeea aeh dn

W (y1, ...yn) ≡ 0 ⇐ l"z y1, ...yn :qt`zn o`iwqpexeed if` l"z zeivwpetd m`
W (y1, ...yn) 6≡ 0⇒ l"za y1, ...yn raep o`kne

?l"z y1, ...yn⇐W (y1, ...yn) ≡ 0y xnel oekp m`d{
y1 = x3

y2 =
∣∣x3

∣∣ dnbecl !`l

xear zepexzt `l` "dpekydn zeivwpet" mzq `l od y1, ...yn m` ,z`f zexnl
l"z y1, ...yn⇐W ≡ 0y xnel ozip ,zilnxep d"ln dze`

dxrd

.(c, d) ⊇ (a, b) xzei lecb rhw lka l"za mb od f` (a, b) rhwa l"za zeivwpet m`

ztqep dxrd

oniq ick cr d`vez dze` lawp ,o`iwqpexeea zeivwpetd ly xcqd z` silgp m`
.±

libxz
y′′ + y = 0 xear illkd oexztd z` `vn

oekp `l oexzt

y = C1y1 + `ed illkd oexztd okle oexzt y2 = 2 ∈ x mbe oexzt y1 = sinx ,okae
y = K sinx `vi o`k oexztd dyrnl)zix`pil l"z 2 sinxe sinxy `id zerhd .C2y2

(ipy reaw xqge
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oexzt

y = C1 cosx+ `ed illkd x"cnd ly zepexzt y1 = cosx, y2 = sinxy ze`xwl lw
ik l"za zepexztd mrtd .C2 sinx

W (y1, y2) =

∣∣∣∣ cosx sinx
− sinx cosx

∣∣∣∣ = cos2 x+ sin2 x = 1 6= 0

`l zg` d`eeyn mrtdy wx ,dlgzd i`pz sxvl ozip deab xcqn x"cnl mb
.zetqep ze`eeyn dpiidz okl .mireaw n `evnl ick witqz

dnbec y′′ = 0
y (1) = 5
y′ (1) = 3

xezt

oexzt

dlgzdd i`pz itl .y = C1x+ C2⇐y′ = C1⇐y′′ = 0

y (1) = 5 ⇒ C1 · 1 + C2 = 5 ⇒ C1 + C2 = 5

y′ (1) = 3 ⇒ C1 = 3

y = 3x+ 2 `ed yweand oexztd okle
C1 = 3
C2 = 2

dpexzty

{
C1 + C2 = 5

C1 = 3
zkxrn eplaiw

ztqep dnbec
x2y′′−3xy′+3y = "xlie` z`eeyn" z` zeniiwn y2 = x3 ,y1 = x zeivwpetdy gked

:dlgzdd i`pz z` miiwnd y3 oexzt `vn .l"z opif`e x > 0 xy`k 0{
y3 (π) = 2π3

y′3 (π) = 4π2

oexzt

:x"cna davd i"r ,oexzt y1 = x m`d wecap

x2 (x)
′′ − 3x (x)

′
+ 3 (x) = 0

−3x · 1 + 3x = 0

6



:y2 xear wecap

x2
(
x3

)4 − 3x
(
x3

)′
+ 3

(
x3

) ?
= 0

6x3 − 9x3 + 3x3 = 0
√

(6− 9 + 3)x3 = 0
√

:o`wiqpexeea opeazp

W (y1, y2) =

∣∣∣∣y1 y2
y′1 y′2

∣∣∣∣ = ...

(
π π3

1 3π2

)(
C1

C2

)
= :lawp dlgzdd i`pza ynzyp m` . y = C1x+ C2x

3 okl `ed illkd oexztd

okle
c1 = π3

c2 = 1
dpexzty

(
2π3

4π2

)
y3 = π2x+ x3

xcq zcxed
n∑

k=0

ak (x) y
(x) = b (x)l oexzt ytgp

n∑
k=0

ak (x) y
(x) = 0 d`eeynl y0 oexzt oezp m`

.w = z′ xear n− 1 xcqn x"cn lawpe y = y0 (x) · z (x) dxevdn

libxz
illkd oexztd z` `vn dxeywd zipbenedd d`eeynd xear y0 (x) oexzt oezp

y′′ − 4y′ + 3y = 9e2x

y0 = e3x

oexzt y = e3xz
y′ = 3e2xz + ze3xz′

y′′ = 9e3xz + 6e3xz′ + e3xz′′
x"cna aivp

9e3xz + 6e3xz′ + e3xz′′ − 12e3xz − 4e3xz′ + 3e3xz = 9e2x
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e3xz′′ = 2e3xz′ = 9e2x

w′ = z′′ ,w = z′ aivp

e3xw′ + 2e3xw = 9e2x

:milawn

z′ = w = C1e
−2x + 9e−x

z =
C1

−2
e−2x +

9

−1
e−x + C2

mekiql

y = ze3x = Aex +Be3x − 9e2x

dxrd

.zipbened d`eeynd m` mb caer df
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