
deey dcina zetivx
dxcbd

X lr deey dcina dtivx fy xn`p .f : X → Y idz .miixhn miagxn X,Y eidi
izy lkl dY (f (x) , f (y)) < εy jk (εa wx ielzd)δ > 0 miiw ,oezp ε > 0 lkl m`

dX (x, y) < δ oxeary x, y ∈ X zecewp

htyn

.eilr y"na dtivx `id ihwtnew n"n lr dtivx divwpet

dgked

dtivx f :d"lv .dtivx f : X → Y e ,edylk ixhn n"n Y e ihwtnew n"n X oezp
.X lr y"na

δx > 0 miiw ,x 'wpa dtivx fy oeeik .Xa idylk dcewp x idz .oezp ε > 0 idi

.dX (y, x) < δx miiwn y ∈ X xy`k (*)dY (f (y) , f (x)) <
ε

2
y jk

ieqik zz miiw ,ihwtnew Xy oeeikn .X ly gezt ieqik `ed

{
B

(
x,

δx

2

)}
x∈X

.(1)X ⊆
n⋃

k=1

B

(
xk,

δxn

2

)
y jk x1, ...xn miniiw `"f ,iteq

.δ + min
1≤k≤n

δxk

2
:xicbp

x ∈ B

(
xk,

δxk

2

)
y jk (1 ≤ k ≤ n)k miiw (1) itl ,x ∈ Xy oeeik .X 3 x, yy gipp

dX (y, xk) ≤ dX (y, x) + dX (x, xk) < δxk

,(*) itl ,okle ,dX (x, xk) <
δxk

2
< δxk

jci`n .(2)dY (f (y) , f (xk)) <
ε

2
(*) itl

:Y a yleynd y"` itl .dY (f (x) , f (xk)) <
ε

2

d (f (y) , f (x)) ≤ dY (f (y) , f (xk)) + dY (f (xk) , f (x))

.l"yn .εn ohw df ,dX (y, x) < δ xy`k ,(2) itle

.zexiywl zetivx oia xyw
htyn

dwizrn f if` .dtivx divwpet f : X → Y idze ,miixhn miagxn X,Y eidi
f (E) if` ,dxiyw E ⊆ X m` :epiidc) .Y a zexiyw zeveaw lr Xa zexiyw zeveaw
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.(Y a)dxiyw

dgked

.dtivx f : X → Y e ,dxiyw E ⊆ X oezp

.dxiyw f (E) d"lv

,f (E) z` zeybetd A,B ,zexf ,zegezt zeveaw zniiw `"f .dxiyw `l f (E)y gipp
.f (E) ⊆ A ∪By lk

E ⊆ f−1 (f (E)) ⊆ f−1 (A ∪B) = f−1 (A) ∪ f−1 (B)

(!htyn)zegezt A,Be dtivx f ik zegezt zeveaw f−1 (B)e f−1 (A)

f−1 (A) ∩ f−1 (B) = f−1 (A ∩B) = f−1 (∅) = ∅

.zexf l"pd zegeztd zeveawd :xnelk

a ∈ A ∩ f (E) ⇒ a = f (a′)

b ∈ B ∩ f (E) ⇒ b = f (b′)

a′, b′ ∈ E

a′ ∈ f−1 (A) (∩E)

b′ = f−1 (B) (∩E)

.dxizq .dxiyw `l Ey eplaiw .E z` zeybet f−1 (B)e f−1 (A) zeveawd epiidc

R lr

htyn

:`ad i`pzd miiwzn m"m` dxiyw `id E ⊆ R dveaw

(∗) a, b ∈ E ⇒ [a, b] ⊆ E

-xebq ivg ,mixebq)mirhwe ,zepxw ,R ,∅ :onwlck od Ra zexiywd zeveawd okl)
(migezt ,mi
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dgked

.c /∈ E ,c ∈ [a, b] okl miiw .[a, b] * E la` ,a, b ∈ Ey gipp .dxiyw E ⊆ R idz
.c ∈ (a, b) okl .c /∈ Ee a, b ∈ E ik c 6= a, b

E ⊆ (−∞, c) ∪e ,zexf ,zegezt 'aw - (−∞, c) , (c,∞) zeveawd lr lkzqp
.(c /∈ E oky)(c,∞)

b ∈ E ∩ (c,∞) 6= ∅ ,a ∈ E ∩ (−∞, c) 6= ∅
.dxizq .dxiyw `l E okl

.E ly zexiywl igxkd `ed (*) i`pzdy epgked

E ⊆y jk ,E z` zeybetd ,A,B zexf zegezt zeveaw zeniiw .dxiyw `l Ey gipp
A ∪B

(**)[a, b] ⊆ E (*) itl .(!dxiga)
a ∈ A ∩E 6= ∅
b ∈ B ∩ E 6= ∅

c + supA ∩ [a, b] .dveawd ly menixteq miiw okl .(b i"r)dneqge A∩[a, b] 6= ∅
.(b− r, b] ⊆ Be a < b− ry jk r > 0 miiw dgezt Be b ∈ By oeeik

okle ,b− rl mieey e` miphw A∩ [a, b] ixa` okle ,t ∈ B if` ,(b ≥) t > b− r m`
c ≤ b− r < b

Ay oezpd z` milvpn)c > ay d`xn ,zeipeieeyd i` jetid mr ,dnec lewiy
.(dgezt

ixyt`)c+s < be (c, c+ s] ⊆ Ay jk s > 0 miiw dgezt Ay oeeik if` ,c ∈ A m`
.(c < b ik

supA ∩ [a, b] ≥ c+ s > c okle (c, c+ s] ∈ A ∩ [a, b] ,c ∈ (a, b) ∩A
la` (E ⊆ A ∪ B ik)c /∈ E okl .c /∈ By d`xn dnec lewiye ,c /∈ A xnelk

(**)l dxizq .c ∈ (a, b)

dxcbd

dtivx divwpet i"r [a, b] rhw ly dpenz `id Xa dliqn .edylk ixhn agxn X idi
.f : [a, b] → X

dlgzdd zcewp f (a) ∈ X

meiqd zcewp f (b) ∈ X

dze` z` x`zl xyt` ,[a, b] lr f dtivx divwpet ly geeha dliqn dpezp m`
.[0, 1] rhwd lr dtivx divwpet ly geehk dliqnd

[0, 1]
h−→ a+ t (b− a)

f−→ X

.dliqnd ly xhnxt t

:dxiyw dveaw `id (n"n lka)dliqn ,mcew htyn itl
dveawd zpenz ,f ([0, 1]) dveawd `id dliqnd .R lr dxiyw dveaw [0, 1]

.Xa dxiyw dveaw `id okle ,dtivx divwpet i"r l"pd dxiywd
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dxcbd

zniiw Ea a, b zecewp izy lkl m` zizliqn dxiyw z`xwp X n"na E dveaw
γ ⊆ Ey jk b `id dneiq 'wpe a `id dzlgzd 'wpy γ dliqn

htyn epi`x

Ap,q ⊆ dxiyw ziwlg dveawa zlken p, q zecewp izy lk dxeary dveaw `id E m`
.dxiyw E if` ,E

d`vez :ok lr

.zexiyw od zeizliqn zexiyw zeveaw ,n"n lka
.oekp mb jtdd ,Rka dgezt dveaw E xear
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