
miyleyn milxbhpi` lr mb xacl xyt` ,miletk milxbhpi` lr mixacny enk
(gtp)dlekz lr xacp ghy lr xacl mewna .'eke

dxcbd
:R3a x qetihn ilnxep megz

V =

{
(x, y, z) ∈ R3

∣∣∣∣ ϕ (x, y) ≤ z ≤ ψ (x, y)
(x, y) ∈ D̄

}

dnbec

:(miqetihd x`yn mbe)x qetihn ilnxep megz `ed x2 + y2 + z2 = R2 xeckd

−
√
R2 − (x2 + y2) ≤ z ≤

√
R2 − (x2 + y2)

if` ,D̄a zetivx ϕ,ψe ,l"pk V megza dtivx f m`

˚

V

f dV =

¨

D

(ˆ ψ(x,y)

ϕ(x,y)

f (x, y, z) dz

)
dS

x qetihn ilnxep D̄ mb m`e

D̄ =

{
(x, y)

∣∣∣∣ α (x) ≤ y ≤ β (x)
a ≤ x ≤ b

}
=

ˆ b

a

[ˆ β(x)

α(x)

(ˆ ψ(x,y)

ϕ(x,y)

f (x, y, z) dz

)
dy

]
dx

dnbec
daiz

V =

3∏
i=1

[ai, bi]

f : V ⊂R3

→ R

V =

(x, y, z)

∣∣∣∣∣∣
a3 ≤ z ≤ b3

(x, y) ∈
{
(x, y)

∣∣∣∣ a1 ≤ x ≤ b1
a2 ≤ y ≤ b2

} 
f ∈ C (V )

˚

V

f dv =

¨

D̄

(ˆ b3

a3

f (x, y, z) dz

)
=

ˆ b1

a1

[ˆ b2

a2

(ˆ b3

a3

f (x, y, z) dz

)
dy

]
dx

1



dnbec

.f (x1, ...xk) =
k∏
i=1

gi (xi) idz

if` (i = 1, ...k)[ai, bi] mirhwa zetivx gi m`y gked

ˆ
· · ·
ˆ
f dV =

k∏
i=1

ˆ bi

ai

g (xi) dxi

V +
k∏
i=1

[ai, bi]

dgked

˚

V

f dV =

ˆ bk

ak

[ˆ bk−1

ak−1

[ˆ
· · ·

(ˆ b1

a1

k∏
i=1

g (xi) dx1

)
dx2

]
· · ·

]
dxk

.minxebd xtqn lr divwecpi`a mixnebe

zewzrd

.Rka dlekz ilra mineqg mixebq minegz D̄, D̄′ eidi
.lre zikxr cg cg ,C1 'gnn divwpet x (·) : D̄′ → D̄ idz

(C1 'gnn gxkda `id mb ,
x→ u (x)
D̄ → D̄′ dketdd dwzrdd zniiw okl)

D̄′a 0n dpey u→ x (u) dwzrdd ly J o`iaewrid gxkda
D̄a dtivx f idz

ˆ
· · ·
ˆ

D̄

f (x) dx =

ˆ
· · ·
ˆ

D̄

f (x (u)) |J (u) du|

ze`nbec

R2a (1)

.zeifhxw zehpicxe`ewl zeixlet zehpicxe`ewn dwzrd

(x, y) = (r cos θ, r sin θ)

(u =) (r, θ) ∈ [0,∞)× [0, 2π] → R2

2



,zg` dcewpa wx la` - θ ∈ [0, 2π] xy`k r"gg dpi` zixlet dbvd mpn` :dxrd)
(lxbhpi`l rixtn `l df okle

J (r, θ) =

∣∣∣∣ cos θ sin θ
−r sin θ r cos θ

∣∣∣∣ = r
(
cos2 θ + sin2 θ

)
= r

D̄ =
{
(x, y)

∣∣x2 + y2 ≤ R2
}
lebira dtivx f

¨

D̄

f (x, y) dxdy =

ˆ

D̄′

f (r cos θ, r sin θ) r dr dθ

D̄′ = [0, R]× [0, 2π]

lynl

`ed lebird ghy .f ≡ 1

S
(
D̄
)
=

¨
r dr dθ =

(ˆ R

0

r dr

)(ˆ 2π

0

1 dθ

)
=
R2

2
· 2π = πR2

lynl

(l"pk D̄)f (x, y) = e−x
2−y2

¨

D̄

e−x
2−y2 dxdy =

¨
e−r

2

r dr dθ =

(ˆ R

0

e−r
2

r dr

)ˆ 2π

0

1 dθ =

=
1

2

ˆ R2

0

e−u du =
1

2
e−u

∣∣∣∣∣
0

R2

=
1

2

(
1− e−R

2
)

¨

D̄

e−x
2−y2 dxdy =

∏[
1− e−R

2
]

R3a
zeifhxw zehpicxe`ewl zeixeck zehpicxe`ewn dwzrd x = r sin θ cosϕ

y = r sin θ sinϕ
z = r cos θ
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(r, ϕ, θ) ∈ [0,∞)× [0, 2π]× [0, π] → (x, y, z)

J (r, ϕ, θ) = r2 sin θ

˚

D̄

f (x, y, z) dxdy dz =

˚

D̄′

f (r sin θ cosϕ, r sin θ sin θ, r cos θ) r2 sin θ dr dϕ dθ

lynl

,R eqeicxe 0 efkxny xeck `ed D̄ m`

D̄ =
{
(x, y, z)

∣∣x2 + y2 + z2 ≤ R2
}

D̄′ =

(r, ϕ, θ)

∣∣∣∣∣∣
0 ≤ r ≤ R
0 ≤ ϕ ≤ 2π
0 ≤ θ ≤ π

 = [0, R]× [0, 2π]× [0, π]

.daiz eplaiw

lynl

`ed D̄ xeckd ly gtpd .f ≡ 1 xear

V
(
D̄
)
=

˚

D̄

f dxdy dz =

˚

D̄′

r2 sin θ dr dϕ dθ =

=

(ˆ 2π

0

1 dϕ

)(ˆ R

0

r2 dr

)(ˆ π

0

sin θ dθ

)
=

4π

3
R3

zeifhxw zehpicxe`ewl zeililb zehpicxe`ewn dwzrd

 x = r cosϕ
y = r sinϕ
z = z

(r, ϕ, z) ∈ [0,∞)× [0, 2π]× R → (x, y, z) ∈ R3

J (r, ϕ, z) =

∣∣∣∣∣∣
cosϕ sinϕ 0

−r sinϕ r cosϕ 0
0 0 1

∣∣∣∣∣∣ = r
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zeililb ze`picxe`ewa xeck

−
√
R2 − r2 ≤ z ≤

√
R2 − r2


0 ≤ r ≤ R
0 ≤ ϕ ≤ 2π

−
√
R2 − r2 ≤ z ≤

√
R2 − r2

V
(
D̄
)
=

˚

D̄

dxdy dz =

˚

D̄′

r dr dϕ dz =

¨

[0,R]×[0,2π]

(ˆ √
R2−r

√
R2−r

dz

)
r dr dϕ

ˆ 2π

0

(ˆ R

0

2
√
R2 − r2r dr

)
dϕ = 2π

ˆ R2

0

w
1/2 dw = 2π

2

3
w

3/2

∣∣∣∣∣
R2

0

=
4π

3
R3
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