
`nb ziivwpet lr zvw cer
.Γ (x) :=

´∞
0

tx−1e−t dt i"r x > 0 lkl `nb ziivwpet z` epxcbd ,xekfk
.ze`gqep oend lilkdl ozip dzxfray ziyeniy ce`n divwpet idef

mb Γ z` lilkdl ozip dzxfra ,Γ (x+ 1) = xΓ (x) zedfd dgked d`vxda

lawp x = −
1

2
xear lynl ,miilily mikxrl

Γ

(
1

2

)
= −

1

2
Γ

(
−
1

2

)
⇒ Γ

(
−
1

2

)
= −2Γ

(
1

2

)
= −2

√
π

lawp ohw x = ε gwip m`

Γ (ε+ 1) = εΓ (ε) ⇒ Γ (ε) =
Γ (ε+ 1)

ε

milawny jk Γ (ε+ 1) = Γ (1) = 0! = 1 ,ε → 0 xy`k

lim
ε→0+

Γ (ε) =
1

0+
= +∞

lim
ε→0−

Γ (ε) =
1

0−
= −∞

.x = 0a zixlebpiq dcewp yi Γ (x)ly mi`ex
("ahew" df beqn dcewpl e`xwz cizra)

0,−1,−2,−3, ... mixtqnl s`ey x xy`k Γ (x) → ±∞y ze`xdl ozip dnec ote`a
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:Γ (x) ly sxbd oldl

:Mupada meyxl mipnfen mz`

plot(gamma(x),x=-5..5)

Γ (n) = dfibxnd dffdd z` yi dnl uxfen zvw zi`xp Γ ziivwpet ly dxcbdd
?(n− 1)!

(lecb it)Π ziivwpet `xw `ed dly ,zvwna dpey divwpet xicbd qe`b ,okae

Π(x)
def
=

ˆ ∞

0

txe−t dt (= Γ (x+ 1))

xzei zeiwp ze`gqep dzxfra milawny

Π(x) = xΠ(x− 1) Π (n) = n!

...qtz `l df dn meyn j`

:`nb ziivwpetl dti yeniy eiykr d`xp
:`ad mepena opeazp

y = f (x) = xk

2



zg` mrt xefbl ozip

y′ =
d

dx
y = kx(k−1)

miinrte

y′′ = k (k − 1)xk−2

:minrt n elit`e

y(n) =
k!

(k − n)!
xk−n

0 ≤ n ≤ k xear
:`nb zeivwpeta zxvrd z` silgp

y(n) =
Γ (k + 1)

Γ (k − n+ 1)
xk−n

.mly `l xcqn zexfbp xicbdl zrk ozip !jtdl la` ,iytih d`xp

lynl

"mrt ivg" zxfgp lawp n =
1

2
,k = 1 xear

y = x1 = x

y(
1
2 ) =

d
1
2

dx
1
2

=
Γ (2)

Γ

(
3

2

)
= Γ

(
1

2
+ 1

) =

=
1!

1

2
Γ

(
1

2

)√x =
1
√
π

2

√
x =

2
√
π

√
x

:mrt ivg cer xefbp

d
1
2

dx
1
2

d
1
2

dx
1
2

x =
d

1
2

dx
1
2

2
√
π
x

1
2 =

2
√
π

d
1
2

dx
1
2

x
1
2 =

2
√
π

d
1
2

dx
1
2

x
1
2 =

2
√
π

Γ

(
3

2

)

Γ

(
1

2
−

1

2
+ 1

)x
1
2−

1
2 =

=
2
√
π

√
π

2
· 1 = 1 =

d1

dx1
x

eplaiw(
d

dx

) 1
2
(

d

dx

) 1
2

x =
d

dx
x
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xg` oeniqa

√
d

dx

√
d

dx
x =

√
d

dx

2

x ⇒ ”
√
D
√
D = D

!mn-d-n

:zg` mrt qepin y = x divwpetd z` xefbl dqpp(
d

dx

)−1

x =
Γ (2)

Γ (1− (−1) + 1)
x =

1!

Γ (3)
x2 =

1

2!
x2 =

x2

2

?x z` miinrt xefbl dqpp m` dxwi dn

d2

dx2

?
=

Γ (2)

Γ (1− 2 + 1)
· x−1 =

Γ (2)

Γ (0)
· x−1

milwzpyk ,llkae .x′′ = 0 recik lawp ("Γ (0)±∞" ik)qt` xeza
1

Γ (0)
z` yxtp m`

.0 xeza eil` qgiizdl bedp p = 0,−1,−2, ... xear
1

Γ (p)
iehiaa

daeyg dxrd

"Fractional Calculus� `xwp mly `l xcqn zexfbp ly dwihnzna dfd sprd
!oganl `l ynn dfe

(y(π) + sinx · y(
√
2) = 0 :ixay xcqn x"cnl dnbec)

lqa zeivwpet
libxz

(modi�ed)lqa zeivpetl diqxewxd iqgin gked In−1 (x) + In+1 (x) =
2n

x
In (x)

In−1 (x)− In+1 (x) = 2I ′n (x)

(modi�ed)lqa z`eeyn z` miiwn In (x)y

x2I ′′n (x) + xI ′n (x)−
(
x2 + n2

)
In (x) = 0
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oexzt

:zeiqxewxd yxtd

(1) 2In+1 (x) = 2I ′n (x)−
2n

x
In (x)

x

2
it litkp

(2) xIn+1 (x) = xI ′n (x)− nIn (x)

(2) z` xefbp

In+1 (x) + xI ′n+1 (x) = I ′n (x) + xI ′′n (x)− nI ′n (x)

(3) xI ′′n (x) + (1− n) I ′n (x) = xI ′n+1 (x) + In+1 (x)

xa aey letkp

x2I ′′n (x) + (1− n)xI ′n (x) = x2I ′n+1 (x) + xIn+1 (x)

:(2) d`eeyn letk n siqep

(5) x2I ′′n (x) + xI ′n (x)− n2In (x) = x2I ′n+1 (x) + x (n+ 1) In+1 (x)

:ozep zeiqxewxd ly mekq

2In−1 (x) =
2n

x
In (x) + 2I ′n (x)

(6) In−1 (x) =
n

x
In (x) + I ′n (x)

:x i"r militkn

(7) xIn−1 (x) = nIn (x) + xI ′n (x)

:(1a n z` mcwp)n− 1 → n silgp

(8) xIn (x) = (n+ 1) In+1 (x) + xI ′n+1 (x)

(8) ly oini cv letk xl deey (5) ly oini cv

x2I ′′n (x) + xI ′n (x)− n2In (x) = x · xIn (x)

⇓

x2I ′′n (x) + xI ′n (x)−
(
x2 + n2

)
In (x) = 0
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libxz

zeivwpet ly ilxbhpi`d beviidn (modi�ed)lqa zeivpetl diqxewxd iqgi z` gked
:lqa

n ∈ Z
x > 0

In (x) =
1

π

ˆ π

0

ex·cos θ · cosnθ dθ

oexzt

dpey`xd dgqepd zgked

In−1 (x)+In+1 (x) =
1

π

ˆ π

0

ex cos θ cos [(n− 1) θ] dθ+
1

π

ˆ π

0

ex cos θ cos ((n+ 1) θ) dθ =

=
1

π

ˆ π

0

ex cos θ {cos [(n− 1) θ] + cos [(n+ 1) θ]} dθ =

=
1

π

ˆ π

0

ex cos θ · 2 · cosnθ · cos (−θ) dθ = ...

[
cosα+ cosβ = 2 cos

α+ β

2
cos

α− β

2

]

... =
2

π

ˆ π

0

ex cos θ · cosnθ · cos θ dθ =

=
2

π

ˆ π

0

d

dx

[
ex cos θ · cos θ

]
dθ =

=
2

π

d

dx

ˆ π

0

ex cos θ cosnθ dθ =

= 2 ·
d

dx

[
1

π

ˆ π

0

ex cos θ cosnθ dθ

]
=

= 2
d

dx
In (x) = 2I ′n (x)

�

6



diipyd dgqepd zgked

In−1 (x)− In+1 (x) =

=
1

π

ˆ π

0

ex cos θ cos [(n− 1) θ] dθ −
1

π

ˆ π

0

ex cos θ cos [(n+ 1) θ] dθ =

=
1

π

ˆ π

0

ex cos θ {cos [(n− 1) θ]} dθ = ...

[
cosα− cosβ = −2 sin

(
α+ β

2

)
sin

(
α− β

2

)]

... =
1

π

ˆ π

0

ex cos θ (−2) sinnθ · sin (−θ) dθ =

=
2

π

ˆ π

0

ex cos θ · sinnθ · sin θ dθ

:xfr aeyig

d

dθ

[
ex cos θ · sinnθ

]
= −x sin θ · ex cos θ · sinnθ + nex cos θ·cosnθ

⇒ −
1

x
·
d

dθ

[
ex cos θ · sinnθ

]
= ex cos θ · sinnθ · sin θ −

n

x
ex cos θ · cosnθ

:dgkedl dxfg

⇒= 2π

ˆ π

0

{
−
1

x
·
d

dθ

[
ex cos θ · sinnθ

]
+

n

x
ex cos θ · cosnθ

}
dθ =

= −
2

πx

ˆ π

0

d

dθ

[
ex cos θ sinnθ

]
dθ =

= +
2n

x
·

In(x)︷ ︸︸ ︷
1

π

ˆ π

0

ex cos θ · cosnθ dθ =

=
− 2

πx
ex cos θ · sinnθ

∣∣∣∣∣
θ=π

θ=0

+
2n

x
· In (x)

�
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