
zewfg ixez i"r oexzt
.miihilp` P,Q ,y′′ + P (x) y′ +Q (x) y = 0

y =
∑

an (x− x0)
n oexzt :zilpicxe` dcewp x = x0 •

.illk oexzt ozep df - (mdit lr mirawp x`yd lk)miiyteg a0, a1

.y =
∞∑

n=0
an (x− x0)

n+α
(a0 6= 0) dxeva oexzt miytgn :zixlebpiq zixlebx dcewp x = x0 •

.dfk cg` oexzt zegtl miiw

(zixlebpiq zixlebx .wp ly)dnbec

ν ≥ 0 x2y′′ + xy′ +
(
x2 − ν2

)
y = 0

reaw ("ep" zipeeid ze`d)ν

y′′ +
y′

x
+

(
1−

ν2

x2

)
y = 0

(zixlebpiq)zixlebpiq dcewp x = 0

y =
∞∑

n=0

anx
n+α

y′ =
∞∑

n=0

(n+ α) anx
n+α−1

y′′ =
∞∑

n=0

(n+ α) (n+ α− 1) anx
n+α−2

∞∑
n=0

(n+ α) (n+ α− 1) anx
n+α +

∞∑
n=0

(n+ α) anx
n+α + ...

...+
∞∑

n=0

anx
n+α+2 −

∞∑
n=0

ν2anx
n+α = 0

∞∑
n=0

[
(n+ α)

2 − ν2
]
anx

n+α +
∞∑

n=0

anx
n+α+2 = 0

α = ±ν "zpiit`n d`eeyn" .
(
α2 − ν2

)
6 a0 = 0 :xα ly mcwn •

(1 + 2α) a1 = 0 ,
(
(1 + α)

2 − ν2
)
a1 = 0 :xα+1 ly mcwn •
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xbl miiwzn α = −
1

2
, ν =

1

2
cgein dxwn –

a1 = 0 zxg` –

m ≥ 2 ,xα+m ly mcwn •(
(m+ α)

2 − ν2
)
am + am−2 = 0

α = −νe α = +ν ,αl zeivte`d izy lr lkzqp

:m ≥ 2 lkl .a1 = 0 α = +ν(
m2 + 2νm

)
(am + am−2) = 0

am =
− am−2

m (m+ 2ν)

a1 = a3 = a5 = ... = 0

a2 =
− a0

2 (2 + 2ν)

a4 =
− a2

4 (4 + 2ν)
=

a0

2 · 4 (2 + 2ν) (4 + 2ν)

a6 =
− a0

2 · 4 · 6 (2 + 2ν) (4 + 2ν) (6 + 2ν)

a2p =
(−1)

p
a0

22pp! (1 + ν) (2 + ν) ... (p+ ν)

`ed oey`xd oexztdy eplaiwe

y = a0

∞∑
p=0

(−1)
p
x2p+ν

22pp! (1 + ν) (2 + ν) ... (p+ ν)

:m ≥ 2 lkl .iyteg a f`e ,ν =
1

2
ok m` `l` a1 = 0 α = −ν(

m2 − 2mν
)
am + am−2 = 0

am =
− am−2

m (m− 2ν)

ν ∈ xnelk - (2l deey e` lecb mly xtqn)2, 3, 4, ... `ed 2ν ok m` `l`

.

{
1,

3

2
, 2,

5

2
, ...

}
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`ed ipyd oexztd .mly epi` 2ν I dxwn

y = a0

∞∑
p=0

(−1)
p
x2p−ν

22pp! (1− ν) (2− ν) ... (p− ν)

dxigad ici lr la` ,ibef i` `ed iziirad md .ibef i` mly 2ν II dxwn

welignd iptl diqxewxde a3 = a5 = ... = 0 `vei a1 = 0
.swz oiicr ipyd oexztd .miiwzn

.cg` oexzt wx yi rbxk .ν = 0, 1, 2, ... ⇔ ibef mly 2ν III dxwn

mekiq

ν ≥ 0 x2y′′ + xy′ +
(
x2 − ν2

)
y = 0

.y =
∞∑

n=0

(−1)
p
x2p+ν

22pp! (1 + ν) (2 + ν) ... (p+ ν)
oexzt epytig

.y = C1fν (x) + C2f−ν (x) illk oexzt ...mly epi` ν m` •

(reawa ltk ick cr)fν (x) cg` oexzt wx ep`vn rbxk mly ν m` •

illkd dxwnd

y′′ + P (x) y′ +Q (x) y = 0

yiy geha `l ik)epl zeaeh `l P,Q zeivwpetd .zixlebpiq zixlebx .wp x = x0

aezkp okle (x0a zeleab mdl(
x− x2

0

)
y′′ + [P (x) (x− x0)] (x− x0) y

′ +
[
(x− x0)

2
Q (x)

]
y = 0

:miiwzn zixlebpiq ziclewx x0y llba

P (x) (x− x0) −−−−→
x→x0

p0

Q (x) (x− x0)
2 −−−−→

x→x0

q0

zepexztd .xliie` z`eeyn `id (x− x0)
2
y′′ + p0 (x− x0) y

′ + q0y = 0 d`eeynd

λ (λ− 1)+p0λ+q0 = 0 ly oexzt `ed λ xy`k (x− x0)
λ md ef xliie` z`eeyn ly

indicial equation zpiivnd d`eeynd -
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(illkd)qeipaext htyn
`evnl ozip if` mly epi` zpiivnd d`eeynd ly zepexztd izy oia yxtdd m` •

l"za zepexzt ipy

y1 ≈ C1 (x− x0)
λ1

y2 ≈ C2 (x− x0)
λ2

(zpiivnd 'ynd ly miyxeyd ipy λ1, λ2 xy`k

xy`k y1 ≈ C1 (x− x0)
λ1 cg` oexzt `evnl ozip if` mly `ed yxtdd m` •

.xzei lecbd oexztd `ed λ1

.iteqpi` xeh `ed wiiecnd oexztd ik aexiwa md zepexztd

ipyd oexztd iabl jynd
.ohw xzeid `ed ipyd oexztd k"ca ,ipyd oexzta dira yi m`

.xcq zcxeda ynzyp .cg` oexzt xak epl yi
(divwpet z)y = zy1 dxeva ipy oexzt ytgp - oexzt y1

y′ = z′y1 + zy′1

y′′ = z′′y1 + 2z′y′1 + zy′′1

(z′′y1 + 2z′y′1 + zy′′1 ) + P (x) (z′y1 + zy′1) +Q (x) zy1 = 0

lawpe ,d`eeynd z` miiwn y1 ik minvnhvn zy′′1 , P (X) zy′1, Q (x) zy1

z′′y1 + z′ (2y′1 + P (x) y1) = 0

z′ = w aezkp

w′ + w

(
2y′1
y1

+ P (x)

)
= 0

w′

w
= −

(
2y′1
y1

+ P (x)

)

lnw = −2 ln y1 −
ˆ

P (x) dx

:okl .P (x) ≈
p0

x− x0
x0l jenq okle ,(x− x0)P (x)

x→x0−−−−→ p0y mircei epgp`

lnw ≈ −2 ln y1 − p0 ln (x− x0)
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w ≈
1

y21 (x− x0)
p0

≈
const

(x− x0)
p0+2λ1

λ (λ− 1) + p0λ+ q0 = 0 ly oexzt `ed λ xy`k
milawn epiid wiiecn miyer epiid m`

w =
1

(x− x0)
p0+2λ1

·
∞∑

n=0

bn (x− x0)
n

z′ = w

z =
1

(x− x0)
p+2λ1−1

·
∞∑

n=0

cn (x− x0)
n
+ C ln (x− x0)

dwfg minrtl la` ,zewfg xeh `ed oexztd aexl - dirad z` mi`ex ep` o`k
.lnl zkted (n = p0 + 2λ1 − 1)zg`

y = zy1 =
1

(x− x0)
p0+λ1−1

∞∑
n=0

dn (x− x0)
n
+ Cy1 ln (x− x0)

λ2 + λ (p0 − 1) + q0 = 0 `id zpiivnd d`eeynd

λ1 + λ2 = 1− p0 ⇒ p0 + λ1 − 1 = −λ2

(oexzta aivp)okle

y = (x− x0)
λ2

∞∑
n=0

dn (x− x0)
n
+ Cy1 ln (x− x0)

:okle ,ipyd oexzta xqg didy dn z` ep`vn xnelk

y1 ∼ C1 (x− x0)
λ1 oey`x oexzt •

y2 ∼ C2 (x− x0)
λ2 + Cy1 ln (x− x0) ipy oexzt •

mly λ1 − λ2 ⇔ mly p0 + 2λ− 1y dxwna wx

ipyd oexztd

,iaeig mlyd λ1 − λ2 xy`k

y = C1y1 (x) + C2y2 (x)

y1 (x) = (x− x0)
λ1 ·

∞∑
n=0

yn (x− x0)
n
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y2 (x) = (x− x0)
λ2 ·

∞∑
n=0

zn (x− x0)
n
+ C log (x− x0) y1 (x)

.C = 0 okzii
(C = 1 zgwl ozipe)0 `l gxkda C if` λ1 = λ2 dxwna

dnbec

x2y′′ + xy′ +
(
x2 − ν2

)
y = 0

fν (x) =
∞∑
p=0

(−1)
p
x2p+ν

22pp! (1 + ν) (2 + ν) ... (p+ ν)
xy`k y = fν (x) cg` oexzt o`k cr .mly ν ≥ 0

`ed oey`xd `ed oexztde ,xy′′ + y′ + xλ = 0 `id d`eeynd f` ν = 0 m`

y1 =
∞∑
p=0

(−1)
p
x2p

22p (p!)
2 = 1−

x2

4
+

x2

64
− ...

?ipy oexzt

y = zy1

x (z′′y1 + 2z′y′1 + 2y′′) + (z′y1 + zy′1) + xzy1 = 0

:l mvnhvn df xcqd zcxed zhiy itl

xw′y1 + w (2xy′1 + y1) = 0

w′

w
= −

2y′1
y1

−
1

x

lnw = −2 ln y1 − lnx+ C1

w =
C2

xy21

z =

ˆ
wdx =

ˆ
C2

xy21
dx+ C3

y = C3y1 + C2y1

ˆ
dx

xy21

ipyd oexztde C2 = 1 gwip .C2 6= 0 jixv (oey`xdn dpeyy)ipy oexzt lawl ick
.zihilp` divwpet * xy`k y1 lnx+ ∗ ly dxev lawn
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∞a zixlebpiq dcewp

y′′ + P (x) y′ +Q (x) y = 0

x → ∞ xy`k oexztd zebdpzd lr lkzqdl mivex m`

(z = 0a lkzqpe) z =
1

x
l zehpicxe`ew mitilgn

d

dx
=

dz

dx

d

dz
= −

1

x2

d

dz
= −z2

d

dz

d2

dx2
= z2

d

dz

(
z2

d

dz

)
= z4

d2

dz2
+ 2z3

d

dz(
z4

d2y

dz2
+ 2z3

dy

dz

)
− z2P

(
1

z

)
dy

dz
+Q

(
1

z

)
y = 0

d2y

dz2
+

2z − P

(
1

z

)
z2︸ ︷︷ ︸

new P (z)

dy

dz
+

1

z4
Q

(
1

Z

)
︸ ︷︷ ︸
new Q(z)

y = 0

(zeihilp`)"dti zebdpzn" zeycgd P,Q zeivwpetd m` ∞a zixpicxe` .wp •
z = 0a

.miniiw lim
z→0

1

z2
Q

(
1

2

)
, lim
z→0

2z − P

(
1

z

)
z

m` .bpiq .bx •

dnbec

(
1− x2

)
y′′ − 2xy′ + cy = 0

y′′ −
2x

1− x2
y′ +

c

1− x2
y = 0

P (x) =
− 2x

1− x2
, Q (x) =

C

1− x2

2z − P

(
1

t

)
z2

=

2z −
− 2/z

1− 2/z2

z2
=

2z +
2z

z2 − 1
z2

=
z

z

(
1 +

1

z2 − 1

)
=

2z

z2 − 1
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1

z4
Q

(
1

z

)
=

1

z4
c

1−
1

z2

=
c

z2 (z2 − 1)

:dycgd dhpicxe`ewa

d2y

dz
+

2z

z2 − 1

dy

dz
+

c

z2 (z2 − 1)
y = 0

:zeniiwn zeycgd P,Q zeivwpetd

z = 0a ihilp` -
2z

z2 − 1
•

zixlebpiq ixlebx ,zeixlebpiq -
c

z2 (z2 − 1)
•
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