
jynd - zeivwpet ly zeleab

E ⊆ X

f : E → Y

.E ly leab zcewp p ,q = lim
x→p

∈ Y

q .x ∈ E ,d (x, p) < δ xy`k d (f (x) , q) < εy jk iaeig δ = δ (ε) miiw ,ε > 0
.cigi ote`a rawp

dprh
f (xn) → miiwzn xn → py jk {xn} ⊂ E dxcq lkl m"n`x → p xy`k f (x) → q

q

dgked

,oezp ε > 0 idi .xn → py jk Xa dxcq{xn}y gippe f (x) −−−→
x→p

q gipp ⇐(`)

xy`a d (xn, p)y jk irah n∗ miiw ,xn → py oeeik .dxcbda enk δ idie
f (xn) → q xnelk n > n∗ xy`aδ (f (nn) , q) okl .n > n∗

dlilyd jxca gipp .f (xn) → q ,pl zt`eyd Ea {xn} dxcq lkly oezp ⇒(a)
miiw δ > 0 lkl exeary ε > 0 miiw `"f .x → p xy`k f (x) 9 qy

lawp .∀n ∈ N δ =
1

n
gwip .d (f (xδ) , q) ≥ εe d (xp, p) < δy jk xδ ∈ E

.d (f (xn) , q) ≥ εe f (xn, p) <
1

n
y jk δ =

1

n
l mi`znd xδd)xn

� oezpd z` xzeq dfe f (xn) 9 q la` xn → p

dprh
f |F (x) → q leab .wp p exeary F ⊆ E lkl m"n` f (x) −−−→

x→p
q

oiiprnd oeeikd

.f |F (x) → q if` f (x) −−−→
x→p

q m`

.x ∈ E ,d (x, p) < δ xy`ke d (f (x) , q) < εy jk δ miiw⇐ε > 0 :oezp

x ∈ F ⊆ E, d (x, p) < δ ⇒ d (f |F (x) , q) = d (f (x) , q) < ε

1



dxcbd
:inxep agxn Y y dxwna

f : E → Y, g : E → Y

∀x∈E (f + g) (x) + f (x) + g (x)

λ ∈ R, x ∈ E (λf) (x) = λf (x)

dprh

(f + g) (x) −−−→
x→p

if` g (x) −−−→
x→p

r ∈ Y e f (x) −−−→
x→p

q ∈ Y m` .E ly leab zcewp p idz

∀λ∈R (λf) (x) −−−→
x→p

λqe ,q + r

dxcbd
:l"ap f, geY = Rk m`

∀x∈E (fg) (x) + f (x) g (x)

dprh

(fg) (x) −−−→
x→p

qr

dgked

|f (x) g (x)− qr| = |f (x) (g (x)− r) + (r (f (x)− q))| ≤ ‖f (x) ‖‖g (x)−r‖+‖f (x)−q‖‖r‖ → 0

δ = δ (ε) idi .ε <
‖p‖
2

idi .p ly daiaqa f (x) 6= 0 if` f (x) −−−→
x→p

q 6= 0 m`

:miiwzne (∀x ∈ E)d (x, p) < δ xear dxcbda mi`znd

d (f (x) , q) = ‖f (x)− q‖ < ε <
‖p‖
2

‖f (x) ‖ = ‖q − (q − f (x)) ‖ ≥ ‖q‖ − ‖q − f (x) ‖ > ‖q‖ −
‖q‖
2

=
‖q‖
2

> 0
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d`vez
xy`k g (x) → re f (x) → q 6= 0 gipp .E ly leab zcewp p ,f, g : E → Ry gipp

.
g

f
(x) −−−→

x→p

r

q
e ,p ly daiaqa ahid zxcben

(
g

f

)
(x) +

g (x)

f (x)
.x → p

dgked

d`vezd z` milawn zinipt dltkn ly dxwn mr cgi .
1

f
→

1

q
y gikedl witqn

zillkd∣∣∣∣∣ 1

f (x)
−

1

q

∣∣∣∣∣ = q − f (x)

|f (x) q|

‖f (x) ‖ >
‖q‖
2

BE (p, δ) daiaqa if` ,l"pk δ xgap ,ε <
‖q‖
2

xear∣∣∣∣∣ 1

f (x)
≤

1

q

∣∣∣∣∣ ≤ |q − f (x)|
|q|
2

|q|
≤

2ε

|q|2
⇒

1

f (x)
−−−→
x→p

1

q

inxep agxn Yy dxwna
lkl f (x) −−−→

x→p
qi m"n` lim

x→p
f (x) = q .E ly leab .wp p idz .F : E⊆X → Rk idz

1 ≤ i ≤ k

dgked

d (x, p) < δ xy`k (xgapy dnxep lkl)|f (x)i − qi| ≤ ‖f (x)− q‖ < ε. lim
x→p

= q oezp

∀if (i)i → q `"f ,mi`zn δ > 0 xear

jetdd oeeikd

.∀if (x)i → qi oezp

‖f (x)− q‖2 +
{

k∑
i=1

[f (x)i − qi]
2

} 1
2

−−−→
x→p

0

zetivx
dxcbd

.p ∈ E ,f : E⊆X → Y ,miixhn miagxn X,Y
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d (f (x) , f (p)) <y jk iaeig δ = δ (ε) miiw ε > 0 lk m` p .wpa dtivx fy xn`p
.d (x, p) < δy jk x ∈ E lkl ε

zexrd

'wpa dtivx fy mi`ex zexcbd z`eeyd i"r if` ,E ly leab zcewp p ∈ E m` .1
.∃ lim

x→p
f (x) = f (p) m"n` p

dlikn `ly B (p, δ) daiaq zniiw xnelk ,leab zcewp `l p ∈ E zniiw m` .2
,ef daiaqa x ∈ E m` if` .l"pd δd z` xgap ε > 0 lkl ,pl hxt E ly .wp s`

okle x = p gxkad

d (f (x) , f (p)) = d (f (p) , f (p)) = 0 < ε

.E ly zecceand .wpa dtivx `id f divwpet lk xnelk

zeleabd ihtynn zepwqn
.pa dtivx f + g if` ,p .wpa zetivx f, g : E → Y m` •

.p .wpa dtivx λf •

.p .wpa dtivx fg if` ,ok mb zetivx f, ge Y = Rk •

p ly daiaqa zxcben
g

f
if` ,f (p) 6= 0e ,p .wpa zetivx f, g : E → R m` •

.p dcewpa dtivxe

lkl p .wpa dtivx fi miaikxa p ∈ E .wpa dtivx f if` f : E → Rk m` •
.1 ≤ i ≤ k
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