
dxrd

dtivx divwpet `ed Rk lr ix`pil lpeivwpet

dgked

.(cigi a ∈ Rk xear)Lh = h · a `id ezxev ,Rk lr l"t L m`

h, h′ ∈ Rk, ‖ · ‖ = ‖ · ‖2

|Lh− Lh′| = |L (h− h′)| = |(h− h′) a|

:uxeey iyew y"` itl

≤ ‖h− h′‖‖a‖ −−−→
h′→h

0

.h dcewp lka zetivx⇐

lkde L = 0 ,a = 0 m`)a 6= 0e ,oezp ε > 0 m` .Rk lr y"na zetivx epiit`

.|Lh− Lh′| < δ‖a‖ = ε ,‖h′ − h‖ < δ xy`k ,f`e δ =
ε

‖a‖
xgap (il`ieeixh

zxekfz

'wpa zilia`ivpxtic `id x ∈ Rk dpezpd 'wpd zaiaqa zxcbend f ziynn divwpet
,h lydivwpet f (x+ h) − f (x) = Lh + o (‖h‖)y jk Rk lr L l"t miiw m` x

.ϕ (0) = 0,
ϕ (h)

‖h‖
−−−→
h→0

0 zniiwnd ,h → ϕ (h)

epi`x

⇐x 'wpa zilia`ivpxtic f

.x 'wpa dtivx f (`

df |x h = h · ∇f |0 =
k∑

i=1

∂f

∂xi

∣∣∣∣∣
x

hi dgqepd zniiwzne ,miiw ∇f |x (a

x 'wpa f ly l`ivpxticd `xwpe ,cigi ote`a rawp L = df |x = · · · = df (x)

zeilia`ivpxticl witqn i`pz
htyn

zniiw ∇fy gippe ,Rka dpezp x 'wp ly daiaqa zxcbend ziynn divwpet f idz
(df |x h = h · ∇f |xe) x 'wpa zilia`ivpxtic f if` .x 'wpa dtivxe x ly daiaqa
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dgked

x + h ∈ ok lr)‖h‖ < ry jk h ∈ Rk gwip .(r > 0)B (x, r) daiaqa zxcben f
:xicbp .ahid xcben f (x+ h)− f (x) .(‖ (x+ h)− x‖ = ‖h‖ < r ,B (x, r)

h0 = 0, hi = (h1, ...hi, 0, ...0) i < k

hk = (h1, ...hk) = h

‖hi‖ =

 i∑
j=1

|hj |2
1/2

≤

 k∑
j=1

|hj |2
1/2

+ ‖h‖ < r

.x+ h ∈ B (x, r) okl

f (x+ h)− f (x) = f
(
x+ hk

)
− f

(
x+ h0

)
=

k∑
i=1

[
f
(
x+ hi

)
− f

(
x+ hi−1

)]

=

k∑
i=1

[
f
(
x+ hi−1 + hie

i
)
− f

(
x+ hi−1

)]
:xicbp

F (t) = f
(
x+ hi−1 + tei

)
hl 0 oia t ,iynn t

‖
(
x+ hi−1 + tei

)
− x‖ = ‖hi−1 + tei‖ =

i−1∑
j=1

|hj |2 + t2

1/2

≤

 i∑
j=1

|hj |2
1/2

t2 ≤ h2
i , hi = (h1, ...hi−1, 0, ...0)) + (0, ...0, hi, 0, ...0)︸ ︷︷ ︸

=hiei

zgpd itl)t = 0 zaiaqa mit xear zniiw F ′
i .hil 0 oia t xear ahid zxcben Fi okl

dpzyna zeivwpetl rvennd jxrd htyn it lr .(x ly daiaqa zniiw
∂f

∂xi
y htynd

Fi (hi)− Fi (0) = hiF
′ (θihi) y jk (mi`zn 0 ≤ θi ≤ 1 mr θihi)hil 0 oia dcewp zniiw ,cg`

F ′
i (t) =

∂f

∂xi

∣∣∣∣∣
x+hi−1+t

F ′
i (θihi) =

∂f

∂xi

(
x+ hi−1 + θihi

)
=

∂f

∂xi
(x) + qi (h)

qi (h) +
∂f

∂xi

(
x+ hi−1 + θjhi

)
−

∂f

∂xi
(x)
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okle

f (x+ h) =
k∑

i=1

[Fi (hi)− Fi (0)] =
k∑

i=1

hiF
′
i (θihi)

=
k∑

i=1

hi

∂f

∂xi
(x) +

k∑
i=1

hiqi (h) = h · ∇f |x + h · q (h) = Lh+ ϕ (h)

ϕ (h) =y gikedl x`yp ,x 'wpa f ly zeilia`ivpxticd zgked z` xenbl ick
.dphw dnxep mr h 6= 0 xear il`ieeixh ϕ (0) = 0 .o (‖h‖)

|ϕ (h)|
‖h‖

=
|h · q (h)|

‖h‖
≤

‖h‖‖q (h) ‖
‖h‖

= i ≤ k

.l"yn .
ϕ (h)

‖h‖
−−−→
h→0

0 okle ‖q (h) ‖ −−−→
h→0

0 okle ,i lkl qi (h) −−−→
h→0

0 , zetivx llba

zeilia`ivpxtic ly zeiqiqa zepekz
odizyy gipp .Rka x dpezp 'wp ly daiaqa zexcbend zeiynn zeivwpet f, g dpiidz

:if` .x 'wpa zeilia`ivpxtic

.d (f + λg)|x = df |x + λ dg|x .x 'wpa zilia`ivpxtic (reaw λ)f + λg (`

.d (fg)|x = f (x) dg|x + g (x) df |xe x 'wpa zilia`ivpxtic fg (a

d

(
f

g

)∣∣∣∣∣
x

=
1

g (x)
2 [g (x) df |x − f (x) dg|x]e ,x 'wpa zilia`ivpxtic

f

g
if` ,g (0) 6= 0 m` (b

dnbec

F (x, y) =

arctan

(
y

x

)
x2 + y2

dF =
1

(x2 + y2)
2

[(
x2 + y2

)
d arctan

(
y

x

)
− arctan

(
y

x

)
d
(
x2 + y2

)]
h

=
1

(x2 + y2)
2

[(
x2 + y2

)
h∇ arctan

(
y

x

)
h · ∇

(
x2 + y2

)]
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=
1

(x2 + y2)
2



x2 + y2

h1

−
y

x2

1 +

(
y

x

)2 + h2

1

x

1 +

(
y

x

)2

− arctan

(
y

x

)
[h12x+ h22y]





zxyxyd llk
zixehwe divwpet dpezp .Rka dpezp 'wpa zilia`ivpxtic ,f ziynn divwpet dpezp
gipp .B

(
x0, r

)
a lken geeh mr (iynnd t cigid dpzynd ly)x (·) : (t0 − δ, t0 + δ)

uzniiw x′ (t0)y
(f ◦ x)′ (t0) = df |x x′ (t0) :dgqepd dpekpe ,t0 'wpa dxifb f ◦ x + f (x (·)) :if`

..(miiw leabd xy`k)x′ (t0) = lim
t→t0

x (t)− x (t0)

t− t0
i"r libxk xcben x′ (t0) dxrd

`"f ,t0 'wpa miaikxd ly zexfbpd lk meiwl lewy x′ (t0) zxfbpd meiw

xt (t0) = lim
t→t0

xi (t)− xi (t0)

t− t0
∀i = 1, ...k

:jiynp

(f ◦ x)′ (t0) = df |x x
′ (t0) = x′ (t0) · ∇f |x0 =

k∑
i=1

∂f

∂xi

(
x0
=x(t0)

)
x′
i (t0)

dnbec

f (x, y) = arctan

(
y

x

)

x 6= 0

x (t) = (x, y) (t) = (R cos t, R sin t)

(f ◦ x) (t) = arctan

(
R sin t

R cos t

)
= arctan (tan t) = t

(f ◦ x)′ (t) = 1
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zxyxyd llk itl ,jci`n

(f ◦ x)′ (t) =
− y

x2 + y2

∣∣∣∣∣
(R cos t,R sin t)′

(−R sin t) +
x

x2 + y2
(R cos t)

=
(−R sin t) (−R sin t)

R2
+

(R cos t) (R cos t)

R2
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