
(jynd)zexiyw

dxcbd

z` xagnd rhwd pq =

{
x (t)

∣∣∣∣ x (t) = (1− t) p+ tq
0 ≤ t ≤ 1

}
.p, q ∈ X .inxep agxn X

.ql p
.x (1) = q ,x (0) = p ,ql pn dliqn mb ef

(zeliqn zakxd e`)zeliqn xeaig
.edylk n"n X

rl qn dliqn γ2 ,ql pn ([0, 1] lr dtivx divwpet ly geehd)dliqn γ1 m`

γ : [0, 1] → X

γ (t) =


γ1 (2t) t ∈

[
0,

1

2

]

γ2

(
2

(
t−

1

2

))
t ∈

[
1

2
, 1

]
:dtivx γ

t =
1

2
, γ1 (1) = q = γ2 (0)

(mekq)γ1 + γ2 e` γ = γ1γ2 - γ2e γ1 zeliqnd zakxd `xwp γ ly geehd
xtqn xeaig - divwecpi`a)mirhw l"pk "xagl" xyt` ,inxep agxnX m` ,cgeina
piqi mirhw ly xeaig `ed ,ilpebilet ew z`xwp z`fk dliqn .(mirhw ly iteq

qi = pi+1∀1 ≤ i ≤ n− 1 ,(i = 1, ...n)

dxcbd
zepzip Ea zecewp izy lk m` zilpebilet dxiyw z`xwp X inxep agxna E dveaw

.Ea lkend γ ilpebilet ew i"r xeaigl

y epi`x
(inxep agxn lka) .zizliqn zexiyw ⇐ zilpebilet zexiyw

(ixhn agxn lka zexiyw)⇐ izliqn zexiyw

htyn
.zilpebilet dxiyw `id E dgezte dxiyw dveaw lk ,X inxep agxna

.(milewy zexiywd ibyen lk ,p"na zegezt zeveaw xear :`"f)
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dgked

.zilpebilet dxiyw E d"lv .X p"na dxiywe dgezt 'aw E idz

A +
{
q ∈ E

∣∣∣∣∃ polygonal path
fromp to q

}
xicbp .(idylk)p ∈ E idz .E 6= ∅y gipdl xyt`

.dgezt Ee ,q ∈ E .Aa lkend B (q, r) xeck miiwy d"lv ,q ∈ A idz :dgezt A(`
.B (q, r) ⊆ E xeck miiw okl

:zq ⊆ B (q, r) rhwd .z ∈ B (q, r) idi

0 ≤ t ≤ 1, ‖ [(1− t) q + tz]− q‖ = ‖t (z − q) ‖ = t‖z − q‖

ilpebilet ew γ = γ1+qz .Ea lkend ql pn γ1 'bilet ew miiw ,q ∈ Ay oeeik
.z ∈ A `"f .Ea lkend zl pn

.B (q, r) ⊆ A :epgked
B = E \A :xicbp

.dgezt B mb :dprh
.Ba lkend B (q, r) xeck miiw d"lv .q ∈ B idz

miiw `"f ,B (q, r) * B gipp .B (q, r) ⊆ E miiw okle ,dgezt E ,q ∈ E

γ1 zilpebilet dliqn zniiw xnelk ,z ∈ A `"f .z /∈ By jk z
∈ B (q, r)

∈ E
- q ∈ A `"f .ql pn zilpebilet dliqn γ + zq ⊆ E .Ea zlkend zl pn

B (q, r) ⊆ B :epgked .q ∈ By oezpl dxizq

,dxiyw Ey oeeik .(El zkiiyd)p ∈ A ik A 6= 0 ,zegezt ,zexf A,B ,E = A ∪ B
if` ,(B ly idylk dcewp likn `ed ik ,E ∩B 6= ∅ if` ,B 6= ∅ m` ik)B = ∅ gxkda

!dxiyw `l didz E
lkend ilpebilet ew i"r p 'wpl xeaigl zpzip q ∈ E dcewp lk :epiidc ,E = A `"f

.Ea

dxcbd
.dxiywe dgezt dveaw `ed p"na megz

miipiad jxr htyn
:if` .dtivx f : E → R idze ,Xa dxiyw dveaw E idze ,edylk ixhn agxn X idi

([β, α] e`)[α, β] ⊆ f (X) ,α, β ∈ f (X) lkl

dgked

itl .(mcew htyn itl)Ra dxiyw dveaw f (E) .E lr dtivx f e dxiyw Ey oeeik
,Ra zexiyw zeveaw lr htyn

α, β ∈ f (E) ⇒ [α, β] ⊆ f (E)

l"yn
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zexifb

.Rka x ly B (x, r) daiaqa zxcbend ziynn divwpet f idz
(oeeik xicbn)‖u‖ = 1 exeary Rk ly xai` `ed Rka u dcigi xehwee

eji = δij =

{
1 i = j

0 i 6= j
.j = 1, ...k ,ej =

(
0 · · · 0 1 0 · · · 0

)
:dnbecl

:dwpexw ly dzlcd

‖ej‖p =

(
k∑

i=1

∣∣∣eji ∣∣∣p
)1/p

= 1

.mixivd oeeika dcigid ixehwe dl`

x =
k∑

j=1

xje
j - agxnl qiqa mieedn md

x)u oeeka x jxc xyid {x+ tu|t ∈ R} .ziy`xdn u oeeika xivd {tu|0 ≤ t < ∞}
(oezp

,miiynn mikxr mr ,iynn t dpzyn ly divwpet F (t) + f (x+ tu):mipezp x, u
ik |t| < r xear zxcben

‖ (x+ tu)− x‖ = ‖tu‖ = |t| ‖u‖ = |t| < r

x+ tu ∈ B (x, r)

(lirl mipeniqa)dxcbd
f ly u oeeka zipeeikd zxfbpdy xn`p ,t = 0 dcewpa (t dpzynd itl)dxifb F m`

Duf (x) =
∂f

∂u
(x) =

∂f

∂t

∣∣∣∣∣
...

:oeniqd .F ′ (0) `ed dkxre x 'wpa zniiw

:cgeina

Deif (x) =
∂f

∂ei
(x)

laewnd oeniqd =
∂f

∂xi
(x)

F (t) = f
(
x+ tei

)
= f (x1, ..., xi + t, ...xk)

∂f

∂xi
(x) = lim

t→0

f (x1, ...x1 + t, ...xk)− f (x1, ...xk)

t

(j 6= i xear)mixg`d mipzynd lk xy`k xi mewna xi dpzynd itl dlibxd zxfbpd
mireaw miwfgen
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