
7 d`vxd - 4 itpi`2011 hqebe`a 22 zxekfz:`ad htynd zgked rvn`a epiidhtyndveawd
Bk =







dxI |
I = (i1, .., ik)

1 ≤ i1 ≤ ... ≤ ik ≤ n

ij ∈ Z





dxevdn d
igi dbvd yi ϕ ∈ Ak (Rn) lkl xnelk ,Ak (Rn)l qiqa deedn
ϕ =

∑

aIdxI xy`k
aI = ϕ (ei1 , ..., eik) :1 dnl z` xary xeriya epgked:f` {1, ..., n} jezn zeler zex
q J = (j1, ..., jk)e I = (i1, ..., ik) m`

dxI (ej1 , ..., ejk) =

{

1 I = J

0 I 6= J:dler I lkl ,ϕ ∈ Ak (Rn) xear ,htynd gikedl i
k
aI = ϕ (ei1 , ..., eik) mixi
bne
ψ =

∑

I

aIdxI .ϕ = ψy ze`xdl jixv
J = dler dx
q lkl (ej1 , ..., ejk) lr zed
fn ψe ϕy ze`xdl witqn (jynda d`xpy) 2 dnl t"r.(j1, ..., jk):z`f d`xp

ψ (ej1 , ..., ejk) =
∑

I

aIdxI (ej1 , ..., ejk)

= aJ = ϕ (ej1 , ..., ejk) .zyxet ef dveawy ep`xd okl:miiwzn v1, ..., vk mixehwe ly dxiga lkl if` ,∑
I

αIdxI = 0 gipp .l"za Bky ze`xdl xzep
∑

I

αIdxI (v1, ..., vk) = 0:mekqa opeazp ,{1, ..., n} jezn dler dx
q J idz
0 =

∑

I

αIdxI (ej1 , ..., ejk) = αJ.qiqa Bk k"dq okle ,l"za Bk okl ,J lkl αJ = 0y eplaiw okl
1



2 dnl.ϕ, ψ ∈ Ak (Rn) eidi:miiwzn {1, ..., n} ly dler dx
q zz I = (i1, ..., ik) lkl m`
ϕ (ei1 , ..., eik) = ψ (ei1 , ..., eik) f`

ψ = ϕ dgkedd ly xaqdz` miaygn
ϕ (v1, ..., vk).qiqad ixai` ly ix`pil sexivk vi xai` lk ly gezit jezdxevdn miiehia milawn xa
 ly eteqa

α · ϕ (ei1 , .., , eik).mipey i1, ..., ik mda miiehiad md 0n mipeyy mi
igid miiehiad.oniq iketid i"r miler eidiy x
ql xyt` miler mpi` y`xn miqw
pi`d m`(mrtd dgked mr) Cauchy-Binet htyn:if` ,n× k x
qn dvixhn B ,(k ≤ n) k × n x
qn dvixhn A

det (AB) =
∑

I

detAt
I · detBI dgked.B ly ze
enrd ixehwe z` b1, ..., bkae ,A ly zexeyd ixehwe z` a1, ..., aka onqp:if`

AB =







a1 · b1 · · · a1 · bk
...

. . .
...

ak · b1 · · · ak · bk





:xi
bp ,(y`xn erawp a1, ..., ak xnelk) dreaw dvixhnk A z` gwip m` ,zrk
ϕ (b1, ..., bk) = det (AB).ztlgzn zix`pil-ihlen dwzrd `id ϕ ik mi`ex 'xh
 iweg itlmiiwzny jk αI mixlwq yi qiqa Bky oeeikn ,zrk

ϕ (b1, ..., bk) =
∑

I

αIdxI (b1, ..., bk) =
∑

I

αI det (BI) :la`
αI = ϕ

(

eti1 , ..., e
t
ik

)

= det
(

At
I

) okl
det (AB) =

∑

I

det
(

At
i

)

· det (BI)

2



Wedge Product - zeipaz ltk.ℓ x
qn ωe k x
qn ϕ ,zeipaz ϕ, ω eidi,(mixehwe k + ℓ lr zlrety) k + ℓ x
qn zipazd `id ϕ ∧ ω zpneqnd ωe ϕ ly zipevigd dltkndmiiwzny jk 1, 2, ..., k + ℓ mixtqnd ly σ zexenzd lk lr uxy mekqd i"r zx
ben
σ (1) < ... < σ (k)

σ (k + 1) < ... < σ (k + ℓ) :jk zx
ben dltknde
(ϕ ∧ ω) (v1, ..., vk+ℓ) =

∑

σ∈Sh(k, ℓ)

sign (σ) · ϕ
(

vσ(1), ..., vσ(k)
)

· ω
(

vσ(k+1), ..., vσ(k+ℓ)

)xy`k
Sh (k, ℓ) =

{

σ ∈ Sk+ℓ |
σ (1) < ... < σ (k)

σ (k + 1) < ... < σ (k + ℓ)

}.z`f gipp ,zipaz `id ϕ ∧ ωy gikep `lze`nbe
:v1, v2, v3 mixehwe k + ℓ = 3 ly zexenzd lka opeazp .k = 2, ℓ = 1 .1
v1 v2| v3

v1 v3| v2

v2 v3| v1x
qa mb mipexg`d mixehwed ℓ ielz izla ote`ae dler x
qa mipey`xd mixehwed ky al miyp.dler:k = 3, ℓ = 2 .2
v1v2v3|v4v5

v1v2v4|v3v5

v1v4v5|v2v3

v1v2v4|v3v5

v1v3v4|v2v5

v1v3v5|v2v4

v2v3v4|v1v5

v2v3v5|v1v4

v2v4v5|v1v3

v3v4v5|v1v2 :1-forms ly zipevig dltkn .3.zeipaz-1 ϕ, ψ gipp.∈ Sh (1, 1) xnelk ,zexzen odizye v2|v1e v1|v2 od v1,v2 ly zeixyt`d zexenzd izy:okl
(ϕ ∧ ω) (v1, v2) = ϕ (v1) · ω (v2)− ϕ (v2)ω (v1).v1 = (a1, b1) , v2 = (a2, b2) xear dx1 ∧ dx2 z` R

2a lynl aygp .4
(dx1 ∧ dx2) (v1, v2) = dx1 (v1) · dx2 (v2)− dx1 (v2) · dx2 (v1)

= a1b2 − a2b1 =

∣

∣

∣

∣

a1 b1
a2 b2

∣

∣

∣

∣
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:R3a .5
v1 = (a1, b1, c1)

v2 = (a2, b2, c2)

(dx1 ∧ dx2) (v1, v2) = dx1 (v1) · dx2 (v2)− dx1 (v2) dx2 (v1)

= a1b2 − a2b1 =

∣

∣

∣

∣

a1 a2
b1 b2

∣

∣

∣

∣.zipaz-1a zipaz-2 ly dltkn .6.1− form `id ω ,2− form `id ϕ:(6 yi k"dqa) v1, v2, v3 ly ze`ad zexenzd 3 z` xgap
v1 v2| v3

v1 v3| v2

v2 v3| v1 :okl
(ϕ ∧ ω) (v1, v2, v3) = ϕ (v1, v2)ω (v3)− ϕ (v1, v3)ω (v2) + ϕ (v2, v3)ω (v1):m`e ω = dx3e ϕ = dx(1, 2) m` ,dnbe
l

vi = (ai, bi, ci) :lawp
(

dx(1, 2) ∧ dx3
)

(v1, v2, v3) = dx(1, 2) (v1, v2) dx3 (v3)− dx(1, 2) (v1, v3) dx3 (v2) + dx(1, 2) (v2, v3) dx3 (v1)

= c3 ·

∣

∣

∣

∣

a1 b1
a2 b2

∣

∣

∣

∣

− c2

∣

∣

∣

∣

a1 b1
a3 b3

∣

∣

∣

∣

+ c1

∣

∣

∣

∣

a2 b2
a3 b3

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

a1 b1 c1
a2 b2 c2
a3 b3 c3

∣

∣

∣

∣

∣

∣

= dx(1, 2, 3) (v1, v2, v3)zipevigd dltknd ly zepekz:belit .1
ϕ ∧ (ω1 + ω2) = ϕ ∧ ω1 + ϕ ∧ ω2 :ueaiw .2
(ϕ1 ∧ ϕ2) ∧ ϕ3 = ϕ1 ∧ (ϕ2 ∧ ϕ3) f` ℓ x
qn ωe k x
qn ϕ m` .3

ϕ ∧ ω = (−1)
k·ℓ

· ω ∧ ϕ (dgked `ll) htyn:miiwzn {1, ..., n} jezn dler dx
q I = (i1, ..., ik) lkl
dxI = dxi1 ∧ dxi2 ∧ ... ∧ dxik
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zeil`ivpxti
 zeipazepynzyd (Q ⊆ R
k) ϕ : Q → R

n divfixhnxt mr i
nin-k ghyn ly ghy aygl i
ky ,epi`x:lxbhpi`a
ˆ

Q

√

det (J tJ)dudv :mvra dfy
ˆ

Q

Area

(

∂ϕ

∂u
(u, v) ,

∂ϕ

∂v
(u, v)

)

dudv.(R2a ghynd ghyl qgia oey`x beqn f ly ighyn lxbhpi`):didi lxbhpi`d ,ghynd lr zx
bend f 'wpet ly lxbhpi` aygl mivex m`e
ˆ

Q

f (ϕ (u, v)) ·Area

(

∂ϕ

∂u
(u, v) ,

∂ϕ

∂v
(u, v)

)

dudvzaygne mixehwe ly mieqn 'qn zlawn zipaz lk .ghyd ly oeirxd z` zelilkn zeipazy epi`xzetlgzdd zepekz mr) oeekn ghy - dhppinxh
 ly zepekzd z` dxikfnd dxeva xtqn edyfi`.zxg` 'wpa mrt lka ayegn zeidl jixv ghyd ,lxbhpi` aygl gkepy i
ky `l` .(zeix`pilihlende'wpa mrt lka ,ghynl wiynd xeyind lr `l` R
n lr `l zlrety zipaz xi
bdl mikixv ep` ,okl.zg`(differential form) form field e` zil`ivpxti
 zipaz xi
bp jk myl(zil`ivpxti
 zipaz) dx
bd-x`pilihlen 'wpet x ∈ U lkl zpzepd dwzrd `id (dgezt U ) U ⊆ R

na i
nin-k zil`ivpxti
 zipaz.Rna αx ztlgzn zi
α : U → Ak (Rn)lkl αx z` aezkl lkep ote` eze`a ixd ,dxI ly ix`pil sexivk bivdl ozip zipaz-k lky epi`xy oeeik:jk x ∈ U

αx =
∑

I

αI (
−→x ) dxI xy`k

αI (
−→x ) : R

n → R.Ua miilia`ivpxti
 αI (
−→x ) min
wnd lk m` zilia`ivpxti
 αx zipazd ik xn`p:jk zi`xp R3 lr differential 2-form ,lynl

βx = a1, 2 (x) dx(1, 2) + a1, 3 (x) dx(1, 3) + a2, 3 (x) dx(2, 3) dnbe
.R2 lr 2 x
qn zil`ivpxti
 zipaz `id ωx = x2ydx ∧ dyjeza mixehwe lr zx
ben `idy eli`k zipazd lr milkzqn ep` −→x = (x, y) mixgea ep`y rbxa.(x, y)a ziy`xd mr R
2 agxnd `edy R

2
(x, y)jeza mixehwe lr zlretd ,ztlgzn zix`pilihlen 'wpet `id ω−→x ,−→x = (x, y) = (1, 2) 'wpa ,lynl:zipazd idefe ,R2
(1, 2)

12 · 2dx ∧ dy = 2dx ∧ dy:`"f ,(3, 1)(1, 2)e (4, 0)(1, 2) mixehwed lr 2dx ∧ dy zipazd ly jxrd z` aygl dvxp m`
ω(1, 2) ((4, 0) , (3, 1)) = 2dx ∧ dy ((4, 0) , (3, 1)) = 2 ·

∣

∣

∣

∣

4 3
0 1

∣

∣

∣

∣

= 8
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ztqep dnbe
:`ad il`ivpxti
d 1-forma opeazp
ω−→x =

1

2
(xdy − ydx).R2

(x, y) agxna mixehwe lr zlretd zipaz idef (x, y) ∈ R
2 'wp lkl:f` (x, y)a eziy`xy xehwe `ed −→

h =

(

r

s

) m`
ω(x, y) (h) =

1

2
(x · dy (h)− y · dx (h)) =

1

2
(x · s− y · r):md ei
w
wy yleyn ghy dyrnl df

(0, 0) , (x, y) , (x+ r, y + s)mdi
w
wy miyleynd ighy mekq .(t0, ..., tk) ef dnewr ly dwelg gwip ,R2a dnewr ozpida
(0, 0) , (γ (ti) , γ (ti+1)) , (γ (ti+1) , γ (ti+2)).dnewrl zgzn ghyl deeydx
bd - zil`ivpxti
 zipaz-k ly lxbhpi`d.zetivxa dxifb dwzrd (U ⊆ R

k) γ : U → R
n idz.k x
qn zil`ivpxti
 zipaz ϕ idz:`ed γ jxe`l ϕ ly lxbhpi`d

ˆ

γ

ϕ =

ˆ

..

ˆ

U

ϕ
γ(−→u )

(

∂γ

∂u1
, ...,

∂γ

∂uk

)

−→
du.−→u = (u1, ..., uk) ∈ U xy`kdnbe
dliqna opeazp

γ : [0, 1] → R
2

γ (u) = (cosu, sinu) :xi
bpe
ϕx, y = −ydx+ xdy :f`

ˆ

γ

ϕ =

ˆ 1

0

(−ydx+ xdy)(cosu, sinu) (− sinu, cosu)du

=

ˆ 1

0

− sinu · dx (− sinu, cosu) + cosu · dy (− sinu, cosu) du

=

ˆ 1

0

sin2 u+ cos2 udu =

ˆ 1

0

du = 1 :izliqnd lxbhpi`d z` epayig dyrnl
ˆ

γ

−→
f
−→
dr xy`k

−→
f (x, y) = (−y, x)

−→r = (dx, dy)

6



ztqep dnbe
:xy`k γ : U → R
3 gwip

U =

{(

s

t

)

|
0 ≤ s ≤ 1
0 ≤ t ≤ 1

}

γ

(

s

t

)

=





s+ t

s2

t2





ϕ = dx ∧ dy + ydx ∧ dz :zrk
ˆ

γ

dx ∧ dy + ydx ∧ dz =

ˆ 1

0

ˆ 1

0

(dx ∧ dy + ydx ∧ dz)






s+ t

s2

t2













1 1
2s 0
0 2t



 dsdt

=

ˆ 1

0

ˆ 1

0

(dx ∧ dy)





1 1
2s 0
0 2t



+ s2 · (dx ∧ dz)





1 1
2s 0
0 2t



 dsdt

=

ˆ 1

0

ˆ 1

0

∣

∣

∣

∣

1 1
2s 0

∣

∣

∣

∣

+ s2
∣

∣

∣

∣

1 1
0 2t

∣

∣

∣

∣

dsdt

=

ˆ 1

0

ˆ 1

0

−2s+ s2 · 2t dsdt

=

ˆ 1

0

−2s+ s2
[

t2
]1

0
ds

=

ˆ 1

0

−2s+ s2ds =

[

−s2 +
s3

3

]1

0

= −
2

3 miilwifit miyeniy:(ixehwe d
y) gk d
y ly d
ear `id diff 1-form ly lxbhpi`:dxevdn zeidl zaiig R
na 1 x
qn zil`ivpxti
 zipaz lk

ϕ−→x = f1 (x1, .., xn) dx1 + ...+ fn (x1, ..., xn) dxn.zeilia`ivpxti
 fi : R
n → R xy`k

F = lkly lawp F : R
n → R

n (ixehwe d
y e`) zixehwe 'wpet ly miaikxk fi lr lkzqp m`.l"pd ϕ−→x ,1 x
qn zil`ivpxti
 zipaz dni`zn (f1, ..., fn).W−→
F

=
−→
F · −→r `id zipazd f` v =







dx1
...

dxn






onqp m`.'wp dze`a lrteny ,gk xehwe agxna 'wp lkl ozepy ,gk d
y lrk −→

F lr aeygl lkep.γ jxe`l F ly d
eard z` milawn ,Rna γ dliqn jxe`l W−→
F

ly lxbhpi`d z` miaygn m`:zipazd z` zgwl lkep R2a ,lynl
W−→

F
= xdx + ydy o`k

−→
F (x, y) =

(

x

y

)
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.jynda ef zipaza ynzyp:lxbhpi`d zx
bd itl ,γ : [a, b] → Γ jxe`l F ly izliqn lxbhpi` lawzn dyrnl
ˆ

γ

W−→
F

=

ˆ b

a

(

W−→
F

)

γ(t)

(

∂γ

∂t

)

dt

=

ˆ b

a







−→
F (γ (t)) ·







dx1
...

dxn













(

∂γ

∂t

)

dt

=

ˆ b

a

(f1 (γ (t)) dx1 + ...+ fn (γ (t)) dxn)

(−−−→
γ

′

(t)

)

dt

=

ˆ b

a

[

f1 (γ (t)) · γ
′

1 (t) + f2 (γ (t)) · γ
′

2 (t) + ...+ fn (γ (t)) γ
′

n (t)
]

dt

=

ˆ b

a

−→
f (−→γ (t)) ·

−→
γ

′

(t) dt .γ jxe`l −→
f ly 2 beqn izliqn lxbhpi` dfeztqep dnbe
m`

−→
F





x

y

z



 =





y

−x
0





γ (t) =





cos t
sin t
t





t ∈ [0, 4π] :`id d
eard f`
ˆ

γ

W−→
F

=

ˆ 4π

0

(f1 (γ (t)) dx + f2 (γ (t)) dy + f3 (γ (t)) dz) γ
′

(t) dt

=

ˆ 4π

0

(

− sin2 t− cos2 t
)

dt = −4π zipazd zernyn-hpi`d xg`l −→
F ly d
ear ozepd ,
pxbhpi` dfy jkl xarn) dnvr W−→

F
zipazd ly zernynd dn?(divxb:R2a dnbe
a aey opeazp dpadd jxevl

ϕ−→x = xdx + ydyagxna `vnpd ,wiyn xehwe k"g`e −→x = (x, y) d
ewp dligz xegal jixv ϕ−→x z` milirtn xy`k.(x, y) 'wpa wiynddlertd) .wiynd xehwed jxe`l −→
F

(

x

y

)

=

(

x

y

) gkd i"r ziyrpd ,d
eard z` z

en dyrnl zipazd.((x, y)n `vei wiynd xehwede (x, y) 'wpadnbe
.(x, y) = (1, −1) 'wpa zipazd z` aygp.(1, −1)a ziy`xdy jk R
2 ly dffd `edy R

2
(1,−1) lk z` epl yi wiyn xehwe zxigal?(10, 10) lr (1, −1) 'wpa d
eard idn .(10, 10) `ed wiynd xehwedy gipp

ϕ(1,−1) (10, 10) = (1dx− 1dy) (10, 10) = 10− 10 = 08


