
zenezq zeivwpet ly zkxrn
.dnezqd divwpetd htyn ly ihxt dxwnl dpeekd

dnbec

(1, 1) zaiaqa zeilia`ivpxtic u (x, y) , v (x, y) , w (x, y) zeivwpet zeniiwy egiked
y jk

u (1, 1) = 1
v (1, 1) = 1
w (1, 1) = 1

,

 u5 + xv2 − y + w = 2
v5 + yu2 − x+ w = 2
w4 + y5 − x4 = 1

oexzt

:`ad ote`a zeivwpet xicbp .f : R5 → R3 divwpet dpap

f1 (x, y, u, v, w) = u5 + xv2 − y + w − 2

f2 (x, y, u, v, w) = v5 + yu2 − x+ w − 2

f3 (x, y, u, v, w) = w4 + y5 − x4 − 1

(R3l R5n zxcben ok`y)f (x, y, u, v, w) = (f1, f2, f3) :`ad ote`a f z` xicbp
:dnezqd divwpetd htynl mi`pzd z` wecap

xeary ze`xl ozip !oezpd itl ~p = (1, 1, 1, 1, 1) lawp eply dxwna f (~p) = 0
xnelk ,my zetivxe zexifb zeivwpetd ik xexa .f (1, 1, 1, 1, 1) = 0 l"pd dcewpd

:xefbp .C1a okle minepilet md f1, f2, f3 ik ,f ∈ C1
(
R5
)∣∣∣∣∣∣

f ′
1u f ′

1v f ′
1w

f ′
2u f ′

2v f ′
2w

f ′
3u f ′

3v f ′
3w

∣∣∣∣∣∣ =
∣∣∣∣∣∣
5u4 2xv 1
2yu 5v4 1
0 0 4w3

∣∣∣∣∣∣
z` zexicbn dnezqd divwpetd htyn itl .|| = 84 6= 0 lawpe p dcewpd aivp
ly daiaq xeary xexa .(1, 1) dcewpa ye x ly zecigi zenezq zeivwpetk u, v, w

.zecigi u, v, w zeivwpetde ze`eeynd ~p dcewp

ghynl wiyn xeyin
p0 = (x0, y0, z0) ∈ idz .f : R3 → R xear f (x, y, z) = 0 d`eeyn i"r oezp R3a ghyn

.p0 zaiaqa u xear f ∈ C1 ik gipp .R3

:p0 dcewpa df ghynl wiynd xeyind z`eeyn f`

f ′
x (p0) (x− x0) + f ′

y (p0) (y − y0) + f ′
z (p0) (z − z0) = 0

.
(
f ′
x (p0) , f

′
y (p0) , f

′
z (p0)

)
`ed xeyind ly df dxwna lnxepd
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dnbec

df ghynl wiynd xeyindy jk x2 + y2 − z2 = 1 ghyna p0 zecewpd lk z` e`vn
.x+ y + z = 1 xeyinl liawn p0a

oexzt

:`ad ote`a f divwpet xicbp .df ghyna zillk p = (x0, y0, z0) dcewp xgap

f (x, y, z) = x2 + y2 − z2 − 1

:zeiwlg zexfbp `vnp

f ′
x = 2x, f ′

y = 2y, f ′
z = −2z

aivp eiykr .(2x, 2y,−2z) dcewpa exiynl lnxepd okle C1
(
R3
)
a zetivx zeivwpetd

ixehwey yexc miliawn eidi mixeyiny ick xekfk .(2x0, 2y0,−2z0) lawpe p dcewpa
.zix`pil miielz eidi lnxepd

x + y + z = 1 d`eeyndn ep`vn)(1, 1, 1) `ed ipyd ieyind ly lnxepdy xexa
:ze`ad ze`eeynd miiwzdl mikixv okle (mincwnd el`y ze`xl lw

2x0

1
= a

2y0

1
= a

− 2z0

1
= a

lawp

(∗) x0 =
a

2
, y0 =

a

2
, z0 = −

a

2

x2
0 + miiwzn okle x2 + y2 − z2 = 1 ghynd lr z`vnp (x0, y0, z0) dcewpd xekfk

.y20 − z20 = 1
:ghynd z`eeyna ep`vny z0e y0 ,x0 z` aivdl x`yp

a2

4
+

a2

4
−

a2

4
= 1

a2

4
= 1

a = ±2

:z`f eniiwiy zecewp izy eidiy ze`xl lw

p1 = (1, 1,−1)

p2 = (−1,−1, 1)

2



(a)

l"pd zecewpa wiynd xeyind z`eeyn z` `vn

oexzt

p1 dcewpd xear

2 · 1 (x− 1) + 2 · 1 (y − 1)− 2 (−1) (z + 1) = 0

p2 dcewpd xear dnec eote`a .

2 (−1) (x+ 1) + 2 (−1) (y + 1)− 2 (1) (z − 1) = 0

miveli` mr oeviw zecewp
1 dnbec

x+ y = 1 ueli`d mr z = x2 + y2 divwpetd ly oeviwd zcewp z` e`vn

oexzt

ly d`eeyna z`f aivp .y = 1− x⇔x+ y = 1 xnelk ,y z` ulgl lw l"pd dxwna
lawpe z (x, y)

z = x2 + y2 = x2 + (1− x)
2
= x2 + 1− 2x+ x2 = 2x2 − 2x+ 1

!!Ra xeztl lw d`eeynd z`
xefbp okle cg` mlrp mr d`eeyn `id z = 2x2 − 2x + 1 d`eeynd ik al miyp

:qt`l deeype

z′x = 4x− 2 ⇒ 4x− 2 = 0 ⇒ x =
1

2

!menipin okle z′′x = 4 > 0 :qwn/'pin `id m`d wecap
(!dleaxt t"r ef dl`ya reawl ozip dnec ote`a)

z

(
1

2
,
1

2

)
=

1

2
la` ,y =

1

2
⇐x+ y = 1∧x =

1

2
`id zyweand dcewpd ,mekiql

`id dievxd dhpicxewd okle(
1

2
,
1

2
,
1

2

)
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al miyp

i"r mixcben lynl miveli`d ik okzii la` ,x z` ulgl lw did dpexg`d dnbeca
!xzei daeh zillk dhiy `evnl jxhvp okle zenezq zeivwpet

'fpxbl iltek zhiy
:l"pd miveli`a f divwpetl oeviw zcewp miytgn

f1 = 0, ...fk = 0

:`ad ote`a 'fpxbl zeivwpet mixicbn jk myl

L = f +
i=k∑
i=L

λifi

.'fpxbl iltek mi`xwp λi xy`k
:lawp .0l L ly ziwlgd zxfbpd z`eeyd i"r zeihixw zecewp mi`ceen

L′
x1

= 0

.

.

.

L′
xk

= 0

zireaixd zipazd lr lkzqp .zihixw dcewp p0y gipp .zeihixw zecewp o`kn lawp
:d2p0

(L)

.l"pd miveli`a p0a menipin yi fl f` ⇐ d2p0
(L) > 0 m` •

'qwn ⇐ d2p0
(L) < 0 m` •

.ske` `id dcewpd f` p0 ly daiaqa oniq zkted d2p0
(L) m` •

2 dnbec

x2 + y2 = 1 ueli`d mr f (x, y) = 6− 4x− 3y ly oeviw zecewp e`vn

oexzt

:meyxp .f1 (x, y) = x2 + y2 − 1 `id f1y ze`xl lw

L (x, y) = f (x, y) + λ1f1 (x, y)

⇓
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L (x, y) = 6− 4x− 3y + λ1

(
x2 + y2 − 1

)
:zeiwlg zexfbp `vnp

L′
x = −4 + 2λ1x = 0

L′
y = −3 + 2λ1y = 0

⇓

x =
4

2λ1
, y =

3

2λ1

:ueli`a aivp

x2 + y2 = 1

⇓

(
y

2λ1

)2

+

(
3

2λ1

)2

= 1

⇓

λ2 =
25

4

λ1 = ±
5

2

:!cxtpa 1 ≤ A ≤ 2 ,λ1A lk xear wecap

`id df dxwna oeviwk dceygd dcewpd `"f .y =
3

5
,x =

4

5
lawp λ1 =

5

2
xear

.p1 =

(
4

5
,
3

5

)
(!"2" ly l`ivpxticd):ipy xcqn l`ivpxticd edn p1 dcewpa wecap

L′′
xx = 2λ11 = 5

L′′
yy = 5

L′′
yx = L′′

xy = 0
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d2p1
L (h1, h2) = L′′

xy (p1)h
2
1 + 2L′′

xy (p1)h1h2 + L′′
yy

(
p1h

2
2

)
= 5h2

1 + 5h2
2 > 0

ze`xl lw f1 (x, y) = x2 + y2 − 1 = 0 ⇐ f1 (x, y) = 0 ueli`dn :al miyp
:qt` `edp1 dcewpa ely oey`x xcqn l`ivpxticdy

d1p1
f1 (h1, h2) = f ′

1x (p1)h1 + f ′
1y (p1)h2 = 0

ly iehiak h1 z` `hal ozip

2 ·
4

5
· h1 + 2 ·

3

5
· h2 = 0

4h1 + 3h2 = 0

h1 = −
3h2

4

!qt`n lecb iehiady reawl f`e 5h2
2 + 5

(
−
3h2

4

)2

a z`f aivdl xyt`

.p2 dcewp z` `vnp dnec ote`a .menipin `id p1 dcewpdy ep`vn

zxekfz

eply dxwna .'qwn 'pin zriawl xvewn oeixhixw miveli` ila divwpetl ep`vn
:mi`ad eidi millkd xnelk ,'fpxbl zivwpeta ynzyp

:∆ =

∣∣∣∣A B
B C

∣∣∣∣ , A = L′′
xx (p0)

B = L′′
yx (p0)

C = L′′
yy (p0)

onqp .'fpxbl ziivwpet ly dhppinxhcd lr lkzqp

menipin dcewpd f` A > 0 mbe ∆ > 0 m` •

meniqwn dcewpd f` A > 0 mbe ∆ > 0 m` •

dcewpd z` zeyxetn wecap ,reci `l - ∆ = 0 m` •

ske` `id dcewpd f` A 6= 0e ∆ < 0 m` •
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