
8 d`vxd - 4 itpi`2011 hqebe`a 24jynd - odly ilxbhpi`e il`ivpxti
 oeayge zeil`ivpxti
 zeipazd
ear zipazl dpexg` zilwifit dnbe
,(ililyd z xiv oeeika xnelk) dhn itlk wx eilr lret divhiaxbd gk .agxna rp m dqn lra oexw.`"de
k fkxn l` xnelk:reaw d
y didi ipeivhiaxbd ixehwed d
yd
F =





0
0

−mg



 :`id dni`znd d
eard zipaz
ϕ−→x = −mgdzep` jekig oi`y dgpda .xy xeyin lr −→

b = (b1, b2, 0) 'wpd l` −→a = (a1, a2, 0) 'wpn rqep oexwd m`.driqp rval i
k d
earl llka miwewf `l:zihnzn
−→
b −−→a = (b1 − a1, b2 − a2, 0) .F divfhiaxbd gkl jpe`n:mvra

−→
F





b1 − a1
b2 − a2

0



 = −mgdz





b1 − a1
b2 − a2

0



 = −mg · 0 = 0zixlwqd dltknd `id d
earde eilr lret divhiaxbd gk ,rteyn xeyina lblbzn oexwd m` ,ef znerl:driqpd xehwea gkd ly
−mgdz





b1 − a1
b2 − a2
b3 − a3



 = −mg (b3 − a3) shyd - 2-formzil`ivpxti
 zipaz Fl mi`zdl lkep U ⊆ R
3 dgezt dveaw lr x
beny ixehwe d
y `ed F m`.flux-form - shyd zipaz z`xwpd 2 x
qn:dx
bd

φ−→
F

= F1dy ∧ dz + F2dz ∧ dx+ F3dx ∧ dy xy`k
F =





F1 (x)
F2 (x)
F3 (x)





1



:d
ewpl wiynd agxna mixehwe ipy lr zlret ef zipaz xy`k
−→x = (x, y, z) :milawn ep`

φ−→
F
(−→v , −→w ) = F1 (

−→x ) dy ∧ dz (−→v , −→w ) + F2 (
−→x ) dz ∧ dx (−→v , −→w ) + F3 (

−→x ) dx ∧ dy (−→v , −→w )aezkp m`
−→v =





v1
v2
v3





−→w =





w1

w2

w3



 :f`
φ−→
F

= F1 (
−→x )

∣

∣

∣

∣

v2 w2

v3 w3

∣

∣

∣

∣

+ F2 (
−→x )

∣

∣

∣

∣

v3 w3

v1 w1

∣

∣

∣

∣

+ F3 (
−→x )

∣

∣

∣

∣

v1 w1

v2 w2

∣

∣

∣

∣ dxrdd
y ly s`yl dni`zn R
3a diff 2-form lk mvra okl ,jk ze`xdl zaiig 2 x
qn zipaz lk ,R3a.ixehweshyd lxbhpi`:ixehwe d
y F gippe U ⊆ R

2 xy`k γ : U → R
n ik gipp

F : R
n → R

n :if`
ˆ

γ

φ−→
F

=

ˆ

γ

φ−→
F (γ(u))

(−→
∂γ

∂u
,

−→
∂γ

∂v

)

dudv

=

¨

∣

∣

∣

∣

∣

∣

∣

F1 | |
... ∂γ

∂u1

∂γ
∂v

Fn | |

∣

∣

∣

∣

∣

∣

∣

dudv dnbe

−→
F : R

3 → R
3

−→
F





x

y

z



 =





x

y2

z





γ : R
2 → R

2

γ

(

u

v

)

=





u2

uv

v2





0 ≤ u, v ≤ 1 :if`
ˆ

γ

φ−→
F

=

ˆ 1

0

ˆ 1

0

det





u2 2u 0
u2v2 v u

v2 0 2v



 dudv

=

ˆ 1

0

ˆ 1

0

(

2u2v2 − 4u3v3 + 2u2v2
)

dudv =
7

36

2



shyd ly zilwifitd zernynd.onf d
igia ghynl zqpkpy mind zenk zeidl x
ben shyd .ghyn jx
 mixaer miny gipp.(mxf = onf z
igia mieqn jeezl zqpkpd orhnd zenk :lnyga e`)jpe`nd oeeika wx zrtyen zqpkpy mind ly zenkd f` ,zexidnd d
y z` bviin −→
F : R

3 → R
3 m`.'wp lka ghynlghynl qpkizy zenkd ,ef 'wpa ghynl ipevig d
igi lnxep zeidl −→n (−→x ) xgap x ∈ R

3 lkl m` ,okl:didz ef 'wpa
−→
F (−→γ (u, v)) · −→n (−→γ (u, v)) :'wp lka −→n lnxepd

−→n =

−→
∂γ
∂u

×
−→
∂γ
∂v

∥

∥

∥

−→
∂γ
∂u

×
−→
∂γ
∂v

∥

∥

∥ .y`xn lnxepn xak −→ny k.d.a gipp:miiwzny ze`xdl xyt`
−→
F · −→n = det

(

−→
F ,

−→
∂γ

∂u
,

−→
∂γ

∂v

)

= φ−→
F :milawn ep` okl

ˆ

γ

−→
F (−→γ (u, v)) · −→n (−→γ (u, v)) ds =

ˆ

γ

φ−→
F xy`k)

ds =

∥

∥

∥

∥

∥

−→
∂γ

∂u
×

−→
∂γ

∂u

∥

∥

∥

∥

∥

dudv (S ghyn ly ghyd hpnl` edfzetitv - R3a 3-form:`ede 3-form ly 
g` beq wx yi R3a
f · dx ∧ dy ∧ dz .(l`ivpxti
d x
q iepiy i
k 
r)dni`zny zipazk zetitvd zipaz z` xi
bp okl ,dhppinxh
d 'wpet `id dx∧dy∧dzy jkl al miyp'wpet lkl
f : U → R :z` U ⊆ R

3 xy`k
(ρf )−→x (−→v1 ,

−→v2 ,
−→v3) = f (−→x ) ·

∣

∣

∣

∣

∣

∣

| | |
−→v1

−→v2
−→v3

| | |

∣

∣

∣

∣

∣

∣?ef zipaz ly lxbhpi` d`xp ji`m`
U ⊆ R

3

V ⊆ R
3

−→γ : U → V
−→γ = −→γ (x, y, z)

3



:miiwzn f : V → R xear f` ,zetivxa dxifb γ m`
ˆ

γ

ρf =

˚

U

ρf

(−→
∂γ

∂x
,

−→
∂γ

∂y
,

−→
∂γ

∂z

)

dxdydz

=

˚

U

f (−→γ (x, y, z)) · det







| | |
−→
∂γ
∂x

−→
∂γ
∂y

−→
∂γ
∂z

| | |






dxdydzjeza f : R

3 → R ziynn 'wpet ly lxbhpi` edf mvra f` (U lr zedf) γ = IdU e U = V dxwna m`.Ul"pd lxbhpi`d f` ,(ghynd lr 'wp lk ly ilebq lwyn) mieqn ghyn ly dqn zetitv zpnqn f m`.ghynd ly zllekd dqnd `eddnbe
.R3a (gehy) qexeh epl oezp
(

R

0

) 'wpa efkxne r qei
xa lbrnd aeaiq i"r lawznd qexehd z` Tr, Ra onqp 0 < r < R xear.z xiv aiaq xz xeyinaik gipp
f





x

y

z



 = x2 + y2 .l"pd qexehd ly dqnd zetitv.(qexehd mipta) qexehd `leky megzd lr ρf ly lxbhpi`d z` xnelk ,qexehd ly dqnd z` aygp:Tr, R ly divfixhnxta opeazp
γ





u

v

w



 =





(R+ u cos v) cosw
(R + u cos v) sinw

u sin v





0 ≤ u ≤ r

0 ≤ v, w ≤ 2π onqp
U =

{

(u, v, w) |
0 ≤ u ≤ r

0 ≤ v, w ≤ 2π

}

daeyz
ˆ

γ

ρf =

˚

U

f (γ (u, v, w)) det

(−→
∂γ

∂u
,

−→
∂γ

∂v
,

−→
∂γ

∂w

)

dudvdw

=

˚

U

f





(R+ u cos v) cosw
(R+ u cos v) sinw

u sin v



 ·

∣

∣

∣

∣

∣

∣

cos v · cosw −u sinv cosw − (R+ u cos v) sinw
cos v sinw −u sin v sinw (R+ u cos v) cosw

sin v u cos v 0

∣

∣

∣

∣

∣

∣

dudvdw

=

ˆ 2π

0

ˆ 2π

0

ˆ r

0

(R+ u cos v)
2
·

∣

∣

∣

∣

∣

∣

cos v · cosw −u sin v cosw − (R+ u cos v) sinw
cos v sinw −u sinv sinw (R+ u cos v) cosw

sin v u cos v 0

∣

∣

∣

∣

∣

∣

dvdwdu

=

ˆ 2π

0

ˆ 2π

0

ˆ r

0

−u · (R+ u cos v)
3 (

2 cos2 (w) − 1
)

dvdwdu
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(zeil`ivpxti
 zeipaz) Rna zetitv shy ,d
ear :mekiq.mi
nind lka 'wpet od 0-forms.mi
nind lka miixehwe ze
y ly d
ear zeipaz od 1-forms.Rna ixehwe d
y ly shyd zeipaz od n-1-forms:f` U ⊆ R
n−1 dgezt dveaw lr ixehwe d
y f : R

n → R
n m`

φ−→
F
(−→v1 , ...,

−−→vn−1) = det
(−→
F (−→x ) , −→v1 , ...,

−−→vn−1

):d
ear mb od diff 1-form ,R2a
f1dx+ f2dy :shy mbe

det
(−→
F (−→x ) , −→v

).zixlwq 'wpet ly zetitv zipaz `id n-form lkzeil`ivpxti
 zeipaz ly (l`ivpxti
 e`) (zipevig) dxifb.f : R
n → R 'wpet xnelk 0-diff-form epl yiy gipp:`id zbviind dvixhnde ,df : R

n → R zix`pil dwzrd `ed f ly l`ivpxti
d
−→
∇f =

(

∂f

∂x1
,
∂f

∂x2
, ...,

∂f

∂x2

) :jk meyxl ozip df z`
df =

∂f

∂x1
· dx1 + ...+

∂f

∂xn
dxn =

−→
∇f · (dx1, ..., dxn):bivdl ozip T : R

n → R zix`pil dwzrd lk ik
T = α1dx1 + ...+ αndxn :eplv`e ,α1 = T (ei) xy`k

df (ei) =
∂f

∂xi
(ei).xzei deab x
qn zipaz ly zxfbpl df oeirx lilkdl ozip:y gipp

α (−→x )−
∑

I

aI (
−→x ) dxIzeidl α ly l`ivpxti
d z` xi
bp .U ⊆ R

n dgezt dveawa zx
bend ,zil`ivpxti
 zipaz-k `id:jk U lr zx
bend ,zi
nin-k + 1 zil`ivpxti
d zipazd
dα =

∑

I

d (αI) ∧ dxI.envr ipta m
wn lk lr zygxzn dxifbd xnelk ,(mipzyn na 'wpet ly dxifb d (αI) xy`k)dnbe
gwip
w = Pdx+Qdy +Rdz
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.R3a 'xti
 zipaz-1:l`ivpxti
d z` aygp
dw = dP ∧ dx+ dQ ∧ dy + dR ∧ dz

=

(

∂P

∂x
dx +

∂P

∂y
dy +

∂P

∂z
dz

)

∧ dx

+

(

∂Q

∂x
dx+

∂Q

∂y
dy +

∂Q

∂z
dz

)

∧ dy

+

(

∂R

∂x
dx+

∂R

∂y
dy +

∂R

∂z
dz

)

∧ dz

=

(

∂Q

∂x
−
∂P

∂y

)

dx ∧ dy +

(

∂P

∂z
−
∂R

∂x

)

dz ∧ dx +

(

∂R

∂y
−
∂Q

∂z

)

dy ∧ dzhtyn:miiwzn f` ,zegtl zetivxa miinrt mixifb din
wn lk xy`k ,dgezt 'aw U ⊆ R
n ,ϕ ∈ Ak

diff (u) m`
d2ϕ = d (dϕ) = 0 dgked:0-diff-forms xear dligz

d (df) = d

(

n
∑

i=1

∂f

∂xi
dxi

)

=

n
∑

i=1

d

(

∂f

∂xi
dxi

)

=

n
∑

i=1

d

(

∂f

∂xi

)

∧ dxi =

n
∑

i=1

n
∑

j=1

∂

∂xj

(

∂f

∂xi

)

dxj ∧ dxi = 0.dxi ∧ dxi = 0 f` i = j xy`k ik ?qt`zn df re
n.milhazn dxj ∧ dxie dxi ∧ dxj mixai`d ,i 6= j xy`k:k > 0 xear
d (d (fdxi1 ∧ ... ∧ dxik)) = d (df ∧ dxi1 ∧ ... ∧ dxik )

= d (df) ∧ dxi1 ∧ ... ∧ dxik = 0(dgked `ll) htyn:f` ,'xti
 zipaz-ℓ ψ ,'xti
 zipaz-k ϕ m`
d (ϕ ∧ ψ) = dϕ ∧ ψ + (−1)k ϕ ∧ dψ zex
bd.dα = 0 xnelk ,α ∈ ker (d) m` dxebq z`xwp α ∈ Ak

diff (R
n) zetivxa dxifb zipaz .1

β ∈ zniiw xnelk,α ∈ Im (d) m` zwie
n z`xwp α ∈ Ak
diff (R

n) zetivxa dxifb zipaz .2.α = dβy jk Ak−1
diff (Rn)dxrd.dxebq `id zwie
n zipaz lk ik d`xn rbxk epgkedy htynd ,mvra.dxebq α okl d (dβ) = 0 okl α = dβ f` zwie
n α.dxwp`et ly dnld `xwp df .z`f gikep `l - minieqn mixwna oekp jtdd mb6



miil`ivpxti
 mixehxte` xear zipevig zxfbpa yeniy:R3a miil`ivpxti
d mixehxte`d z` (y
gn mwlga) xi
bpdx
bd.zetivxa xifb d
y −→
F : R

3 → R
3e ,zetivxa dxifb f : U → R gippe ,dgezt dveaw U ⊆ R

3 idz:`ed hp`i
xbd if`
−−→
gradf =

−→
∇f =

(

∂f

∂x1
,
∂f

∂x2
,
∂f

∂x3

) :`ed xehexd
−−→
curlf =

−→
rotf =

−→
∇ ×

−→
F =

(

∂F3

∂x2
−
∂F2

∂x3
,
∂F1

∂x3
−
∂F3

∂x1
,
∂F2

∂x1
−
∂F1

∂x2

)

=

∣

∣

∣

∣

∣

∣

∣

î ĵ k̂

−
−→
∇ −

−
−→
F −

∣

∣

∣

∣

∣

∣

∣ xy`k
−→
∇ =

(

∂

∂x1
,
∂

∂x2
,
∂

∂x3

) :`ed upbxai
de
div

−→
F =

−→
∇ ·

−→
F =

∂F1

∂x1
+
∂F2

∂x2
+
∂F3

∂x3

=

3
∑

i=1

∂Fi

∂xi .R3a 'xti
 zeipazl mixeyw l"pd mixehxte`d lkhtyn.dx
bda enk F, f idi.1
df =W−→

∇f .2
dW−→

F
= φ−→

∇×
−→
F .3

dφ−→
F

= ρ
div

−→
F

= ρ−→
∇·

−→
F dgked.'a zgkedl dne
 'b sirq zgked .mipey`xd mitirqd ipy z` wx gikep:f` ,f : R

3 → R .1
df =

∂f

∂x1
dx1 +

∂f

∂x2
dx2 +

∂f

∂x3
dx3

=
−→
∇f ·





dx1
dx2
dx3



 =W−→
∇f

7



:F1, F2, F3 : R
3 → R .2

dW−→
F

= d ((F1, F2, F3) · (dx1, dx2, dx3))

= d (F1dx1 + F2dx2 + F3dx3)

= d (F1dx1) + d (F2dx2) + d (F3dx3)

= dF1 ∧ dx1 + dF2 ∧ dx2 + dF3 ∧ dx3

=

(

∂F1

∂x1
dx1 +

∂F1

∂x2
dx2 +

∂F1

∂x3
dx3

)

∧ dx1

+

(

∂F2

∂x1
dx1 +

∂F2

∂x2
dx2 +

∂F2

∂x3
dx3

)

∧ dx2

+

(

∂F3

∂x1
dx1 +

∂F3

∂x2
dx2 +

∂F3

∂x3
dx3

)

∧ dx3

=

(

∂F2

∂x1
−
∂F1

∂x2

)

dx1 ∧ dx2 +

(

∂F3

∂x1
−
∂F1

∂x3

)

dx1 ∧ dx3 +

(

∂F3

∂x2
−
∂F2

∂x3

)

dx2 ∧ dx3

= φ−→
∇×

−→
F ztlgzn dnxb`i


functions ⇐⇒ 0-forms

↓ grad

vector fields work (W ) 1-forms

↓ rot,curl

vector fields flux (φ) 2-forms

↓ div

functions density (ρ) 3-forms(xeyina) zihwtnew dxeva oixb htyn:f` ,D ly daiaqa x
bend zetivxa xifb ixehwe d
y −→
F e ,R2a gepe meqg megz D ⊆ R

2 idi
ˆ

D

dW−→
F

=

ˆ

∂D

W−→
F :`ed oixb ly libxd geqipd

ˆ

D

(

∂Q

∂x
−
∂P

∂y

)

dxdy =

ˆ

∂D

P (x, y) dx+Q (x, y) dy ?xa
 eze` df re
n
F = (P, Q)

WF = Pdx+Qdy:ik mi`xn m
ewd htynd ly 'a sirq zgkeda enk ote` eze`a
dWF

=

(

∂Q

∂x
−
∂P

∂y

)

dx ∧ dy .libxd oixbn raep meyixd okle8



(dgked `ll) illkd qwehq htyn:`"e
gd ly i
eqid htynd z`
ˆ b

a

f
′

(t) dt = f (b)− f (a):jk meyxl ozip ,[a, b]a zx
bend f zetivxa dxifb 'wpet xear
ˆ

[a, b]

df =

ˆ

∂[a, b]

f :`ed illkd qwehq htynxeare ,(ihwtnew xnelk ,xebq-meqg megz ly dyix
 yi ,lynl) D ⊆ R
n megz lr miniieqn mi`pza:miiwzn ϕ ∈ Ak

diff (R
n)

ˆ

D

dϕ =

ˆ

∂D

ϕ dnbe
:lxbhpi`d z` aygp
ˆ

∂D

(xdy − ydx) :reaixd `ed D xy`k
D =

{

(x, y) ∈ R
2 | − 1 ≤ x, y ≤ 1

} oexzt:lawpe wehq htyna ynzyp
ˆ

∂D

xdy − ydx =

ˆ

D

d (xdy − ydx)

=

ˆ

D

2dx ∧ dy

= 2

ˆ

D

dxdy

= 2 ·

ˆ 1

−1

ˆ 1

−1

dxdy

= 2 · 2 · 2 = 8
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