
mfitxenefi` ihtyne dpnd zxeag

dxcbd/htyn
zlert xicbp .Ga H ly zewlgnd zveaw G/H idz .(∀g∈GgH = Hg)H / G idz

G/H ly dxeag

(aH) ∗ (bH) := aHbH = abH

a−1H `ed aH ly ikted xai` .aH ∗H = aH ik H `ed eply dcigid xai`

aH ∗ a−1H = a−1H ∗ aH = a−1aH = H

dxrd

daxd yi .ahid xcben ltkdy `ceel yi (aH) ∗ (bH) = abH ltkd z` epxcbdyk
mbe aH = cH m` xnelk .(aH dwlgna mixg` micibp xnelk)aH xai`l "zeny"

.(aH) (bH) = (cH) (dH)y gikedl jixv bH = dH

htyn

[G/H] = [G : H] =
|G|
|H|

libxz
.Z6 ly dpnd zexeag lk z` e`vn

oexzt

g"zd okl ,1, 2, 3, 6 md 6 ly miwlgnd .m|n xy`k m ·Zn dxevdn `id Zn ly g"z
od

Z6, 2Z6 =, {0, 2, 4} , 3Z6 = {6, 3} , 6Z6 = 0 · Z6 = {0}

:od dpnd zexeag okl
.zil`ieeixhd dxeagd z` eplaiw - Z6/Z6 = {Z6}

Z6/{0} = {0 + {0} , 1 + {0} , ...5 + {0}}

{1} ∗ {2} = {1}+ {2} = {1 + 2} = {3}
Z6/{0} ∼= Z6y eplaiw

Z6/2Z6 =

{
0 + 2Z6 = 2 + 2Z6 = 4 + 2Z6,
1 + 2Z6 = 3 + 2Z6 = 5 + 2Z6

}
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milcapy mixai`d lk oia epidif xnelk Z6 lr mod2 epiyr ziaihi`ehpi` dxeva
.2 ly zeletka

Z6/3Z6 =

 0 + 3Z6 = 3 + 3Z6,
1 + 3Z6 = 4 + 3Z6,
2 + 3Z6 = 5 + 3Z6



oeniq
a, b ∈ G xear onqp

a ≡ b (mod H) ⇔ aH = bH ⇔ b−1a ∈ H

dxrd
miazekyk eli`e ,H ≤ G mbe H ≤ K;K ≤ Gl mipeekzn H ≤ K ≤ G miazekyk
zeiaihifpxh gxkda oi` xnelk ,H E G 6⇐K E G mbe H E K ik mixdfp H E G/K

.zeilnxep ly

htyn
|G/K| = |G/H| · |H/K| if` K E G mbe K E H E G m`

libxz
.R∗2

:=
{
x2
∣∣x ∈ R∗} .ziteq dxeag `id R∗

/R∗2y e`xd

oexzt

(R∗ = R\ {0})reaixa eplrd ik miilily i`d mixtqnd zveaw z` lawp ?R∗2

idin
okle

R∗2

= R+ = {x ∈ R|x > 0} ≤ R∗

libxz
.zila` `l G xear zicbp dnbec e`vn .A ly g"z A2y e`xd .zila` dxeag A idz

libxz
?R∗

/R+ dpnd zxeag idn
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oexzt

.b−1a ∈ R+ ⇔ zeey eidi aR+, bR+ zeiwlgn izy

b−1 =
1

b
R+a

b−1a =
a

b
∈ R+

ode dpn zewlgn izy yi okl ,oniq eze` ilra md a, b xy`k :l"pk mixwn ipy yi
R+, (−1)R+

R∗
/R+ =

{
R+,−R+

} ∼= Z2

ogann libxz
.Zl zitxenefi` g"z oi` Q/Zly e`xd (`)

.ziteq zxvep dpi` Q/Zy e`xd (a)
〈x1, ...xn〉 = Q/Zy jk x1, ...xn ∈ Q/Z miniiw `l

.zilwiv `idQ/Z dpna
1

6
,
1

4
i"r zxvepd g"zdy e`xd (b)

oexzt

f` ,Zl zitxenefi` g"z dziid m`)iteq xcqn `edQ/Z xai` lky d`xp (`)
.(∞ xcqn xai` Q/Za did

n

(
m

n
+ Z

)
= `ed dcigid xai` .

m

n
∈ Q xy`k

m

n
−Z dxevdn `edQ/Za xai`

.iteq `ed okle n z` wlgn
m

n
+ Z ly xcqdy eplaiw .m+ Z = Z

qn = e ⇒ o (q) | n htyna epynzyd

〈x1, ...xn〉 =
{
xk
1 , ...x

k
n

∣∣k1, ...kn ∈ Zn

}
okle zila`d dxeagd x1, ...xn ∈ Q/Z eidi (a)

.zila` `id zila` ly dpn :htyn

〈x1, ...xn〉 =
{

x1, ...tt
xi1 , ...xit

∣∣∣∣ 1 ≤ i1, ...it ∈ N
t ∈ N

}
:zillk dxeaga

e〈x1, ...xn〉 =
{
xk1
1 , ...xkn

n

∣∣∣0 ≤ ki ≤ o (xi)
}
(∗) okle ,iteq xcqn `ed xai` lky (`)a epi`xd

okle zeltkn ly iteq xtqn yi (∗) dveawa .〈xi〉 =
{
x0
i , x

1
i , ...x

o(xi)−1
i

}
ziteq `id 〈x1, ...xn〉

:fnx .
1

2n
+Z :fn df mipey mi`ad mixai`d lky e`xd .ziteqpi` `id Q/Z :libxz

.Za epi` `edy ze`xdle yxtd zwgl
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.zilwiv Q/Z ≥

〈
1

4
+ Z,

1

6
+ Z

〉
l"v (b)

〈
1

4
+ Z,

1

6
+ Z

〉
=

{
n

(
1

4
+ Z

)
+m

(
1

6
+ Z

)∣∣∣∣∣m,n ∈ Z

}

=

{(
n

4
+ Z+

(
m

6
+ Z

)∣∣∣∣∣m,n ∈ Z

)}

=

{
3n+ 2m

12
+ Z

∣∣∣∣∣m,n ∈ Z

}
okl uZ+ vZ = gcd (u, v)Z :wecal xyt`

3Z+ 2Z = gcd (2, 3)Z = Z

=

{
m

12
+ Z

∣∣∣∣∣m ∈ Z

}
=

〈
1

12

〉

.zilwiv okle
1

12
i"r zxvepd g"z okl

libxz
.zila` Gy e`xd .zilwivG/H mbe H ≤ Z (G) ,dxeag G

oexzt

,(aH)
n
= anH dxevdn `ed G/Ha xai` lk xnelk .G/H = 〈aH〉 .zilwivG/Hy reci

.n ∈ Z
:xy = yxy d`xp ,x, y ∈ G eidi

x =y jk h1, h2 miniiw .m,n ∈ Z xy`k yH = amH mbe xH = anHy reci
y = amh2 mbe anh1

xy = anh1a
mh2 = anamh1h2 = amh2a

nh1 = yx

.zila` G okle x, y ∈ G lkl mitlgzn x, y okle

1 efi` htyn

.G/kerϕ ∼= H if` .mfitxenit` ϕ : G → H ,zexeag G,H
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zepwqn

G/kerϕ ∼= lawp f`e mfitxenit` `id ϕ : G → Imϕ if` 'ned ϕ : G → H m` .1
Imϕ

:i"r mfitxenit` ly oirxbk bivdl ozip g"z lk .2
π if` .(H elecen zlert π)π (g) = gN i"r π : G → G/N :xicbp .N E G idz

mfitxenit` `id

kerπ = {x ∈ G|xN = N} = {x ∈ G|x ∈ N} = N

G/N = G/kerπ ∼= G/N :1 efi` itl

libxz
.akexnd xeyina dcigid lbrn S1 = {z ∈ C∗||z| = 1} xy`k R+ ∼= C∗

/S1y e`xd

oexzt

S1 `ed mirxbdy jk ϕ : C∗ → R+ .1 efi`a ynzydl dvxp

ϕ (z) = |z|

ϕ (zw) = |zw| = |z| |w| = ϕ (z)ϕ (w)

.it` ϕ okl .lr ϕ okle ,ϕ (r) = |r| = r ,r ∈ R+ lkl oky lr ϕ .'ened ϕ okle

ϕ (z) = 1

m

z = 1

m

z ∈ S1

m
kerϕ = S1 okl

libxz

G = GLn (C)

A = {M ∈ G||detM | = 1}
.zila` G/A mbe A / Gy e`xd
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oexzt

.kerϕ = Ay jk ϕ : G → R+ dpap

ϕ (x) = |detx|

ϕ (xy) = |detxy| = |detxdet y| = |detx| |det y| = ϕ (x)ϕ (y) ened ϕ

|det (x)| = ry jk x ∈ G `evnl jixv .r ∈ R lr ϕ∣∣∣∣∣∣∣
r 0

. . .

0 1


∣∣∣∣∣∣∣ = r

.lr ϕ okle dkitd dvixhnd

G/A okle zila` R+ .G/a ∼= R+ .g"z Ay dpzna eplaiw - A E G⇐kerϕ = A
.zila`
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